Learning coefficients and
information criteria

Miki AOYAGI *!,
2 Department of Mathematics, College of Science & Technology, Nihon University,
1-8-14, Surugadai, Kanda, Chiyoda-ku, Tokyo 101-8308, Japan; E-mail:
aoyagi.miki@math.cst.nihon-u.ac.jp

Abstract. In recent studies, image or speech recognition, psychology, and eco-
nomics, etc. in real big data have been analyzed by learning systems. It is one of
important problems to approximate an unknown true density function from train-
ing data selected from the true density function independently and identically using
learning models. In a stochastic model, many hierarchical learning models for ana-
lyzing real data have been proposed, and proved to be effective. They are, however,
singular, which classic theories for regular models cannot apply to. Therefore, the
need for appropriate model selection methods for singular models has increased and
several information criteria for singular models have been developed. For example,
singular Bayesian information criterion, widely applicable information criterion,
widely applicable Bayesian information criterion, and cross-validation have been
considered based on mathematical theorems in algebraic analysis and geometry . In
this paper, we consider learning coefficients in learning theory, which serve to mea-
sure the main term of learning efficiency in singular learning models. These coeffi-
cients have an important role in information criteria and are mathematically equal
to the log canonical thresholds of Kullback functions. We show several mathemat-
ical theorems for obtaining these coefficients, and apply these theorems to Poisson
distribution mixture models.

Keywords. learning coefficient, Kullback information, singular learning models,
construction of blow ups

Introduction

Recently, many hierarchical learning models, for example, layered neural network, re-
duced rank regression, the Boltzmann machine, and the normal mixture model, have
been used to analyze real data. These models are singular, which are not classical regular
ones, and thus the need to analyze singular ones has increased.

In this section, we introduce several information criteria for singular models and
their results.

We denote by ¢(x) a true probability density function of variables x € RY and set
X" = {x;}1<i<n as n training samples distributed from g(x) independently and identically.

We first introduce Kullback information K(g||p) for density functions p(x), g(x):
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K(gllp) = f log 9% (3.
p(x)

This function is a pseudo-distance, because K(p|lg) > 0 and satisfies g(x) = p(x), if and
only if, K(g||p) = 0. Also we define empirical Kullback information K (q||p) as

L, 4650)

Ku(qllp) =~ ,-; log =,
which satisfies E[K,(ql|p)] = K(ql|p).

Consider a learning model p(x|w), which is a probability density function of vari-
ables x € RV with parameter w € W c R4,

In Bayesian estimation, one of our goals of the learning system is to approximate
unknown true density function g(x) from data x" using p(xw).

Let us consider an a priori probability density function y(w) on parameter set W and
the a posteriori probability density function p(w|x") :

n

1
pwlx") = AT pCilwPy(w),
|

where
Zy(B) = fW [ ] pCatwPuondw,
i=1

for inverse temperature . We typically set 8 = 1.
Let

Fn(B) = —log Z,(B).

F,(1) is called free energy. Additionally, F,(1) is known as the Bayesian criterion[1],
stochastic complexity in universal coding[2,3], Akaike’s Bayesian criterion[4], and evi-
dence in neural network learning[5].

Watanabe [6,7,8,9,10,11,12] proved that

E[F,(1)] = L(wo)+Alogn — (8 — 1) loglog n+0(1)

for learning coefficient 1 € Q and its order 6, which provide the learning efficiencies,
where L(w) = — E,[log p(x|w)] and wg € Wy = {wg € W | L(wp) = minew L(w)}.

By analyzing this relation and using the unique solution to certain equation system,
the “singular Bayesian information criterion” (sBIC) [13] is obtained.

“Widely applicable Bayesian information criterion” (WBIC) [14] is also obtained,
and denoted by

WBIC = - Ej[ )" p(Xiw)]

i=1



for B = 1/logn, where

[awfon T2~ | poabw)Py(w)

ES[fw)] =
SO = T e T | paw P

These information criteria are extensions of BIC for singular models.

Next we introduce the widely applicable information criterion [6,7,8,9,10,11,12]
and the cross-validation loss.

We have the predictive density function, i.e., the average inference in Bayes estima-
tion, p(xlx") = Ey,[p(xw)].

We define Bayes training loss 7, and Bayes generalization loss G, as follows:

1 n
Tp= -~ .Zl log plaxl")
=

and
G,= - fq(x) log p(x|x™)dx.

Then we have E[T,] = G, and E[G,] = E[F,+1] — E[F,](8=1) forn € N [15,16,17].
Let

VELF)] = ESLFw)2] - ELLFw)P2.

Additionally, we define Bayesian generalization error B, and Bayesian training error
B; as follows:

By = K(g()llp(xlx™))

and

B; = Ku(g(0)|lp(x|x™)).
Then we have
B, = G, -,
B, =T,-S,

for average entropy S = — f q(x)log g(x)dx and empirical entropy S ,, = —% 2= 1 logq(x;)
of the true density function. Value B, describes how precisely the predictive density
function p(x|x") approximates the true density function ¢g(x).

We define x*\x; = {x{,...,Xi—1, Xi+1,--.,Xn}. The widely applicable information
criterion [6,7,8,9,10,11,12] is denoted by

n
W= T2 > VELlog plxiw)
n i=1



and cross-validation loss is denoted by

1 n
Cu= - ‘Zl log p(xil"\x;)
1 =

forn > 2.

Watanabe proved the following relations:
EIG,] = L(w@%@f . lv)+o(%>,
EIT,] = L(Wo)+$(ﬂ—%v)+0(%),
EIW,] = L(Wo)+$(ﬂ+ﬁ > lv)+o(%>,
EIC,] = L(Wo)+#(ﬂ+ﬁ > 1v)+o($)

for singular fluctuation v € R.
Value v is obtained by theoretically using learning coefficient A and its order 6 as
follows:

| de S [ o2 VED B )

- 2 3 j(‘)‘x’ dtZu* ft/l—l/zeﬁ‘ﬁ‘f(”)_ﬁtdu

where £(u) is obtained by an empirical process K,(gl|p) defined on the smooth mani-
fold using a resolution of singularities, and u* denotes a local coordinate that attain the
learning coeflicient A and its order 6.

In this paper, we consider value A and determine the exact values of Poisson dis-
tribution mixture models [18], which are very useful models with discrete input values
in learning theory. These coefficients are equal to the log canonical thresholds of the
Kullback function mathematically introduced in Definition 1.

In recent studies, we determined the exact values or bounds of several learning coef-
ficients [19,20,21,22,23,24,25,26]. Additionally, in [27,28] and [29], the learning coeffi-
cients for naive Bayesian networks and directed tree models with hidden variables were
obtained, respectively. Drton et al.[30] considered these coefficients of a Gaussian latent
tree and forest models.

1. Main results

Denote constants, such as w*, a* and b* using suffix * and define the norm of matrix

A= (aijp) as llAll = (X jlaij*. Set N ={0,1,2,--- }.

Definition 1 Assume that f(w) is an analytic function in a small neighborhood U of w*
and y(w) is a C* function having a compact support.

We define log canonical threshold — A, (f, &) as the largest pole ofo [f(w)Fy(w)dw,
and also define 6,,+( f, ) by its order.



In this paper, we use the notations A,,+(f) and 6,,+(f) instead of A+ (f, ¥) and 0,+(f, ¥)
respectively, because if /(w*) # 0, then these values are independent of .

Example 2 (1) If f(w) = f(wi,w2) = wiwS and U = (=1, 1)x(~1,1), then Ao0)(f) = é

. . 2
and 0(0’0)(]‘) =1 since fU Iw‘l‘wgl dw = m
2 1
(2)If f(w) = f(wl,wz)—w +w wzandU—( L, )x(-1,1), then/l(oo)(f)_ =3

and 6’(0’0)(f) =1 since

Iw +w2w [fdw = W O (1+wi YW, aw’ + W Sw” 2 (w41 )Fw aw”’
2 1 2 1 2 1 1 2
v U

_8(2) N h(z)
T (6242)  (62+2)(2z+1)’

where w; = wi,wy =wiwion U’ = (=1,1)X(=1,1), wy =ww) ,wy =w) onU" = (-
1,1) x (- 1,1) and g(z), h(z) are holomorphic functions.

Hironaka’s Theorem [31] establishes the existence of maps from a smooth man-
ifold to obtain these log canonical thresholds by resolution of singularities. The map
wi = 1’W2 =wiwionU" = (-1, )X(=1L,1),w =ww),wa =wJonU"” =(-1,1)X
(—=1,1) in Example 2 (2) is one of such desingularization maps. However, generally,
because of complicated singularities of Kullback functions, to obtain such maps is very
difficult in learning theory. Therefore, we need to construct several mathematical theories
for the purpose.

Lemma 3 ([22,23,32]) Assume that J is the ideal generated by fi(w), fo(w),- -, fu(W),
which are analytic functions defined on a neighborhood U of w* € R%.

(VIFS]= & < X = f7 then (T g,?) <A (X =1 )

(2) If 81,82, »gm € T, then Ay (XV_ 1 87) < (X2 1g%). In particular; if
81,82, »&m generate J, then dy( X! _ lfz)—/l (2 lg

Consider the mixture of N dimensional Poisson distributions with H components
and assume the true distribution with r components. An input value of N dimensional
Poisson distributions is x = (x;) € Z) and we have

x/

plalw) = Zaul_[exp( b

i=1 j=1

where w = {ay;, bijll <i<H,1<j<H},bj;>0and 37_ a;;=1,a,>0.
Also we have the true distribution:

H+r N * Xj
i

paw) == > ai [ exp(-bjp—L-,
i=H+1  j=1 X!

wherew,*:{*b*|H+1<' H+r,1 < j < H), b}, > 0 and Y47

4191 =
; <0.(Weuse the values aj; < 0, notaj; > 0, in order to simplify the following.)



Theorem 4 Consider the ideal J generated by p(x|lw) — p(x|w}) for x € Z’ZVO. Then the
generators of J are

H+r

ﬁ bij" i+ Z alll_[b*"f(xez ).

i=H+1 j=1

||Mm

. . x"
We have its proof since expx = > °_ (| —

The generators of the mixture of N dimensional Poisson distributions with H com-

ponents and the true distribution with r components are obtained by Vandermonde matrix
type singularity in Definition 6.

Definition 5 Let: [b},--- ,by]g = &(0,---,0,b7,--- ,by) for by =0 s=1,---,i -1,
. 1 if Q is odd,
by # 0, and §; = {sign(bi*) if Q is even.

Definition 6 (Vandermonde matrix type singularity) Set Q € N and fix it.

*
amt - AlH 4y gy - a1H+r
.
gl cc GH Ay gy e Gy py,
Let Ay, = ) ) !
* *
ami - AMH Ay - Ay Hr
N e
_ j i _ eyt
Bunrr=( [ ] b [ ] b3 I_[ij []:bH+1J ’ []:bH+n )
j=1 ji=1 i=1 ji=1

forI=(ty,...,ty) € N4oV and

(0)
BHNr (BH’NJJ)E_/;’z L = 1400200

where t denotes the transpose.

Variables ay; andb,l (k=1,....M,i=1,...,H,j=1,...,N)are defined in a neigh-
borhood of constants a;; and b*

Set J be the ideal generated by all elements of Ay, HJB;IQ{, . and then its singularities
are called Vandermonde matrix-type singularities.
For simplicity, we assume that

M N

naZ,Hﬂ # 0, l_[ by #0
k =1

f0r1<]<rand[bH+ll,... H+1N]Q¢[bH+/1"' H+} N]Qfor]¢]

We use w = {a;, bij}i = 1,...g instead of w={ay;,bijlk = 1. M, =1, Hj=1N
since in this section we always have k=1,--- ,M,j=1,--- |N.



Theorem 7 The singularity of the mixture of N dimensional Poisson distributions with
H components and the true distribution with r components, corresponds to the Vander-
monde matrix type singularity with M = 1,0 = 1 and Zle (@i =1,a1; > 0.

These log canonical thresholds of Vandermonde matrix-type singularities provide
the learning coefficients of three-layered neural networks, normal mixture models, and
mixtures of binomial distributions[33], which are known as effective learning models and
widely used. This fact shows that these singularities are essential and generic in learning
theory.

Example 8 If Q = N = M =r = 1, then we have

b by bﬁ“
b1 by - b21+1
A=(011a12"'01H—1),B= :
' 2 H+1
b;1+1,1 bH+l,1 b;1+1,1

These matrices A, B correspond to the mixture of 1 dimensional Poisson distributions
with H components:

H X1

— . —b; Ll’
p(xlw) izlanexr)( ,1)x1.,

and the true distribution:

X
H+1,1

= — b*
p(xiw) = exp( H+1,1) Y

Example9 [f H=2,N =2, Q =r =M =1, then we have

b11 b1 b21 b11b12 b22 b31 b11b22 b21b12 b32
A= (an ap —1),3 = | b21 baa by ba1b22 b3, by, ba1bs, b5 bas by
b3, b3, b3y by, b3, by, by by, b3; bypbs, by
These matrices A, B correspond to the model

X1 7, X2 X1 X2

11712 21722
p(xlw) =arexp(— b1 — b12) +ap exp( — b2y — b22) .
xl./xg./ )C]./)Cz./
and the true distribution:
*X1 b*Xz
31 732
xlw) = exp( — bk, — b .
p(xiw) p(— b3 1) X!

Theorem 10 ([23]) Consider variables w = {ay;, bij}1<i<n in a sufficiently small neigh-
borhood U of

w' = {azi,b?j}lgisH-



Set(bg’;,ba*z‘,--- ,b;";\,) =(0,...,0). Assume each (b’;*l‘,b*l‘;,--- ,b’f}kv), ey (bﬁ,*l,bj,*r--- ,bj,*N)

be a different real vector in
[}, b5, sbiy]lg # 0, fori=1,... ,H+r;
that is,
(D71 S Dins s (BE === B LD S biy]g # 0,0 = 1, Hetr),

The value ' > r is determined uniquely by Definition 6. Let (b}, - - , biy) = [b;+i,]’ ‘e ’b;]+i,N]Q
fori=1,---,r
0, i=1,---,Hy
(bTT,-H ,ijV), i=Hy+l,--- ,Hyp+Hq,

Set [bY, -+ ,biy]g = (B31,- -+ b3y ), i = Ho+Hi+1, -+, Ho+H+Ho,

(b** ,bj/*N),i:H0+"'+Hr/—1+1a"' ’HO+"'+Hr”

1

and Hy+ - - - +H,» = H. Then, we have

My
A (WAt B I = 42 1) (1Ans g 0BS 2 o)
w1

’

r 7
1 1
+ 0  ( Mara,-1aBY) P+ DA ) (WA, -1BY) P
a=1" a=r+t1 ™

.
A H+a

(0)« (o)

*
—_ * . —_ * . o — .
where w, " ={a; ., Ohi<i<h,» Wy 7 =A@ g4y, 0 O2sisHe a(®)" = : and

.
a
MH+a
.
AMH,~11 = (AM,H(Y—I,Oaa(Q) ) fora = 1.

Theorem 11 [18] We use the same notation as in Theorem 10. Assume that Q = 1, r =1,

Zflz 1aki =1, @y = — 1 and ay; > 0. Then, the ideal is generated by

H N
D a [ | (bij= b)) (1= (01, by) € 40,107,111 % 0),
i=1 j=1

axi(bij = bl ) (1<k<M1<i<H1<j<N).
By Theorem 10, we can see that the case » = 1 in Theorem 11 is an essential part.
Theorem 12 We use the same notation as in Theorem 10.

Assume that Q =1, r =1, Z,-H: 1ai=1,4d;,,=—-landa; > 0.
We have the following:



A (1AL | IP)
- min{—N(H;'BH'B(O <p<H-1),YH _BZ+2ﬁ’+N(o <p <H-1)

_ (H+1)/4 ifN=1
“Y(H-1+N)/2if N > 2.

2. Conclusion

In this paper, we considered the case when Q =1 and the elements of matrix A are
non-negative in Vandermonde matrix-type singularities (Definition 6). Theorem 12 de-
termines the explicit values of the log canonical thresholds. These results are related
to Poisson distribution mixture models and also a normal mixture model with identity
matrix variances [23]. Since the log canonical thresholds of Vandermonde matrix-type
singularities have been still obtained partially and many of learning coefficients seem to
be related to such singularities, these results in this paper are useful for obtaining log
canonical thresholds for other cases.

Drton and Plummer [13] have used the learning coefficients from our recent results
very effectively in sBIC. Furthermore, our theoretical and mathematical values will be
helpful in numerical experiments such as the Markov chain Monte Carlo. In the papers
[34,35], Nagata have constructed the mathematical foundation for developing and ana-
lyzing the precision of the Markov chain Monte Carlo method by using our theoretical
values of marginal likelihoods.
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A. Proof of Theorem 12

We use the following theorem in the proof.

Theorem 13 (Method to add variables [26]) Let fi(wi,...,Waq), .. fi(Wi,...,Wq)
be homogeneous functions of wy,--- ,wq. Set fl'(wz,...,wd) = fill,wa,...,wq), ...,
W25 swa) = fu(1,wa, ..., wa). If wi # O, then we have:

2 2\ _ 2 2
/l(WT,"' ,W:})(fl +-- +fm) = A(W;/WT,'“,WZ/WT)(J[{ +eet r:1 )-

Let us consider the generators of the ideals

1
l...b}/]vv
co BN N

Sl Z é’i:nQ+1,n20>.
i=1

{n
Hl”'bHN



Because we assume that Q = 1 and a; > 0, we can set

¢ ¢
b}:lb}ZN
b21 "'sz

N
j=<(a1~~aﬂ) | Z€i=n+1,n20>
i=1

[l CECEEY €N
by by

+{(aib} |1 <i<H 1< j<N).
By constructing the blowup repeatedly, we have the following:

Set ali] € {1,--- ,N} and setb,-jzvl‘--v,-bl/.j for ] <i < H,1 < j<N,and set
b:‘a[i] = 1. Then we have

2 2.2 2.2 2
J = <v1a1,v1v2a2,~-- ,vlvz-uvHaH,>

’
by

’
by

+ (611\11 a2v1v2--~aHv1v2-~-vH) . |[1<j<N).

/7

ij
Setag =1-a; —---—agy—_1. Then we have
2 2.2 2.2 2
J = <v1a1,v1v2a2,--- ’V1V2"‘VH>

Lj

’ ’
b .—V2"-vaHj
’ ’
b2,j — V3 "'VHij

+<(a1v1 azvlvr-«vlvz-'-v[{) |1£j£N>.
’ ’
Ph-1,j = Viibh;
7
Hj
7 ’ ’
U\ (P12 vaby,
’ ’ /7
2 by = Ve viby;
Set = A <p1<H,a; =vy---vgdjuy,ay =v3---vg ayui,
24 ’ 7’
b1, H-1,j = VD
b . b, .
Hj Hj

cee,ag -1 = vlgla;,l_lul, ag, = a;,lul, and vg, +1 = V;;]_HML Also set al’.1 =1(@i; <B1). By
Theorem 13, we can assume blf:j is a variable.

b
7!
Th b : blll — Cl, a’ Cl, a’ V, V, BV b2’] h
en ysettlng i]j_( 1 % B1 “Bi+1" B +1 Bi+1 H) . we nave

b// X
Hj



2 7" 2.2 ” 2.2 2 ’”
j = <v1v2~--v/3]al ul,v1v2\/3---\/ﬁla2u1,--- ,v1v2--'vilv,-1+1 "'Vﬁlailbu)

+<M1V1vZ-~~v131b;1”j,1 <j< N>

The Jacobian is

41

NH. N(H-1)+1 N(H-B1+1)+p1-1 N(H-g)+p1  N(H-p1)
V2 R Ml X V,B1+1 .

8, ~-VZX1/(V1-"VHM1)
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