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A B S T R A C T

In the last two decades, remarkable progress has been done in singular learning machine theories on the
basis of algebraic geometry. These theories reveal that we need to find resolution maps of singularities for
analyzing asymptotic behavior of state probability functions when the number of data increases. In particular, it
is essential to construct normal crossing divisors of average log loss functions. However, there are few examples
for obtaining these for singular models. In this paper, we determine the resolution map and normal crossing
divisors for multiple-layered neural networks with linear units. Moreover, we have the exact values for the
learning efficiency, which is so called learning coefficients. Multiple-layered neural networks with linear units
are simple, however, very important models because these models give the essential information from data of
input–output pairs. Moreover, these models are very close to multiple-layered neural networks with rectified
linear units (ReLU). We show the learning coefficients of multiple-layered neural networks with linear units
are bounded even though the number of layers goes to infinity, which means that the main term of asymptotic
expansion of the free energy and generalization error of singular models are much smaller than the dimension
of its parameter space.
1. Introduction

Singular learning models include hierarchical learning machines
such as neural networks, reduce rank regression, Boltzmann machine,
normal mixture models and so on. Even though these models have
been widely used to analyze real data, theoretical analysis have not
been developed sufficiently. These models have non-positive Fisher
information matrices and therefore cannot be analyzed by classical
theories (Watanabe, 2009).

For example, let us consider the reduce rank regression model,
which is one of singular models. Let

{𝑤 = (𝐴(1), 𝐴(2)) | 𝐴(𝑠) is an 𝐻 (𝑠) ×𝐻 (𝑠+1) matrix },

be the set of parameters. Assume that the input value is a vector 𝑋 ∈
𝐑𝐻 (3) with probability density function 𝑟(𝑋) and output value a vector
𝑌 ∈ 𝐑𝐻 (1) given by

𝑌 = 𝐴(1)𝐴(2)𝑋 + (noise),

with Gaussian noise. Then, the statistical learning model is obtained by

𝑝𝑙(𝑋, 𝑌 |𝑤) = 1

(
√

2𝜋)𝐻 (1)
exp(−1

2
‖𝑌 − 𝐴(1)𝐴(2)𝑋‖

2)𝑟(𝑋).

This model has 𝐻 (3) input units, 𝐻 (1) output units, and 𝐻 (2) hidden
units. Let us assume that the 𝑤∗ = (𝐴∗(1), 𝐴∗(2)) be the true parameter,

E-mail address: aoyagi.miki@nihon-u.ac.jp.

that is, we have the true probability density function

𝑟(𝑋, 𝑌 ) = 1

(
√

2𝜋)𝐻 (1)
exp(−1

2
‖𝑌 − 𝐴∗(1)𝐴∗(2)𝑋‖

2)𝑟(𝑋).

Let (𝑋, 𝑌 )𝑛 ∶= {(𝑋𝑖, 𝑌𝑖)}𝑛𝑖=1 be 𝑛 training samples selected independently
and identically from 𝑟(𝑋, 𝑌 ).

Define the average log loss function 𝐿(𝑤) by 𝐿(𝑤) = −𝐸𝑋,𝑌 [log 𝑝𝑙
(𝑋, 𝑌 |𝑤)] and the set of optimal parameters 𝑊0 by

𝑊0 = {𝑤0 ∈ 𝑊 |𝐿(𝑤0) = min
𝑤′∈𝑊

𝐿(𝑤′)} = {(𝐴(1), 𝐴(2)) | 𝐴∗(1)𝐴∗(2) = 𝐴(1)𝐴(2)}.

Because 𝑟(𝑋, 𝑌 ) = 𝑝𝑙(𝑋, 𝑌 |(𝐴∗(1), 𝐴∗(2))), we have 𝑟(𝑋, 𝑌 ) = 𝑝𝑙(𝑋, 𝑌 |𝑤0)
for all 𝑤0 ∈ 𝑊0.

If the rank of 𝐴∗(1)𝐴∗(2) is less than max{𝐻 (1),𝐻 (2),𝐻 (3)}, then
𝑊0 is not one point, but its dimension is positive. It is obvious that
the Fisher matrix function ( 𝜕

2𝐿(𝑤)
𝜕𝑤𝑖𝜕𝑤𝑗

) at 𝑤∗ = (𝐴∗(1), 𝐴∗(2)) has zero
eigenvalues, therefore, we cannot apply classical theories, for example,
model selection methods AIC (Akaike, 1974), TIC (Takeuchi, 1976),
HQ (Hannan & Quinn, 1979), NIC (Murata, Yoshizawa, & Amari, 1994),
BIC (Schwarz, 1978), MDL (Rissanen, 1984), because their methods
need regular conditions such as a positive definite Fisher information
matrix and the unique point minimizing a log loss function.
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In general, let an unknown true probability density function 𝑟(𝑋, 𝑌 ),
and let (𝑋, 𝑌 )𝑛 ∶= {(𝑋𝑖, 𝑌𝑖)}𝑛𝑖=1 be 𝑛 training samples selected indepen-
ently and identically from 𝑟(𝑋, 𝑌 ). Consider a learning model that is
ritten in probabilistic form as 𝑝𝑙(𝑋, 𝑌 |𝑤), where 𝑤 ∈ 𝑊 ⊂ 𝐑𝑑 is

a parameter. Let 𝜑(𝑤) be an a priori probability density function on
a parameter set 𝑊 and 𝑝𝑠𝑛(𝑤) be the a posteriori probability density
unction,

𝑠𝑛(𝑤) = 1
∫𝑊 𝜑(𝑤)

∏𝑛
𝑖=1 𝑝𝑙(𝑋𝑖, 𝑌𝑖|𝑤)d𝑤

𝜑(𝑤)
𝑛
∏

𝑖=1
𝑝𝑙(𝑋𝑖, 𝑌𝑖|𝑤).

We then have the predictive density function in Bayesian estimation

𝑝𝑟𝑛(𝑋, 𝑌 ) = ∫ 𝑝𝑙(𝑋, 𝑌 |𝑤)𝑝𝑠𝑛(𝑤)𝑑𝑤.

Assume that we have 𝑝𝑙0(𝑋, 𝑌 ) = 𝑝𝑙(𝑋, 𝑌 |𝑤0) for all 𝑤0 ∈ 𝑊0, that is,
𝑝𝑙0(𝑋, 𝑌 ) is essentially unique for 𝑟(𝑋, 𝑌 ), where

𝐿(𝑤) = −𝐸𝑋,𝑌 [log 𝑝𝑙(𝑋, 𝑌 |𝑤)],

and

𝑊0 = {𝑤 ∈ 𝑊 |𝐿(𝑤) = min
𝑤′∈𝑊

𝐿(𝑤′)}.

Let 𝐺𝑛 be the Bayes generalization loss,

𝐺𝑛 = −∫ 𝑟(𝑋, 𝑌 ) log 𝑝𝑟𝑛(𝑋, 𝑌 )𝑑𝑋𝑑𝑌

= −∫ 𝑟(𝑋, 𝑌 ) log 𝑟(𝑋, 𝑌 )𝑑𝑋𝑑𝑌 + ∫ 𝑟(𝑋, 𝑌 ) log
𝑟(𝑋, 𝑌 )
𝑝𝑟𝑛(𝑋, 𝑌 )

𝑑𝑋𝑑𝑌

= −∫ 𝑟(𝑋, 𝑌 ) log 𝑟(𝑋, 𝑌 )𝑑𝑋𝑑𝑌 + 𝐸𝑋,𝑌 [log
𝑟(𝑋, 𝑌 )
𝑝𝑟𝑛(𝑋, 𝑌 )

].

𝐸𝑋,𝑌 [log
𝑟(𝑋,𝑌 )
𝑝𝑟𝑛(𝑋,𝑌 ) ] is the Kullback function, which is the distance be-

ween 𝑟(𝑋, 𝑌 ) and 𝑝𝑟𝑛(𝑋, 𝑌 ). Watanabe (2001a, 2001b, 2010, 2018)
proved the following relation,

𝐸[𝐺𝑛] = 𝐿(𝑤0) +
1
𝑛
𝜆 + 𝑜( 1

𝑛
),

where 𝜆 is the learning coefficient. In the case of reduce rank re-
gression, the value of 𝜆 was obtained (Aoyagi & Watanabe, 2005b,
Theorem 2 in this paper). These values are much smaller than the
dimension 𝐻 (1)𝐻 (2) + 𝐻 (2)𝐻 (3) of parameter spaces. This fact means
learning efficiencies are increased more than regular models, as a
model’s complexity increases.

Let

𝐿𝑛(𝑤) = − 1
𝛽𝑛

log
𝑛
∏

𝑖=1
𝑝𝑙(𝑋𝑖, 𝑌𝑖|𝑤)𝛽 .

Based on the free energy,

𝐹𝑛(𝛽) = − 1
𝛽
log∫

𝑛
∏

𝑖=1
𝑝𝑙(𝑋𝑖, 𝑌𝑖|𝑤)𝛽𝜑(𝑤)𝑑𝑤

= 𝑛𝐿𝑛(𝑤0) +
𝜆
𝛽
log(𝑛) − 𝜃 − 1

𝛽
log log(𝑛) + 𝑜𝑝(1)

for inverse temperature 𝛽 > 0, which was shown by Watanabe (2009),
e have the model-selection methods, the ‘‘widely applicable Bayesian

nformation criterion’’ (WBIC) (Watanabe, 2013) and ‘‘singular Bayesian
nformation criterion’’ (sBIC Drton, 2012). sBIC uses the learning coeffi-
ients 𝜆 and its order 𝜃 very effectively with a fix point equation system
f marginal likelihoods. In addition, the learning efficiency 𝜆 and its
rder 𝜃 of a leaning model give mathematical indicators for analyzing
nd developing the precision of numerical methods, such as the widely-
pplicable information criterion WAIC (Akaike, 1974; Watanabe,
001a, 2001b, 2001c, 2009, 2010, 2018) and cross-validation in the
ayesian estimation approach model selection methods.

The learning efficiency 𝜆 is equal to a log canonical threshold
f a Kullback function in algebraic geometry whose exact value is
btained using recursive blow-up process (Hironaka, 1964). However,
t is difficult to obtain these thresholds, because we need to determine
2

ll branches of its blow-up process to obtain normal crossing divisors
nd Kullback functions degenerate with respect to their Newton poly-
edra (Fulton, 1993). Moreover, theories for log canonical thresholds
re not fruitful for the real field, compared with the complex field
r algebraically closed fields (Kashiwara, 1976; Kollár, 1997; Mustata,
002). Therefore, it is of interest in various fields, even in mathematics,
o obtain these thresholds. In recent studies, we obtained exact val-
es or bounded values of the learning coefficients for Vandermonde
atrix-type singularities, which are related to the three-layered neural
etworks and normal mixture models, among others (Aoyagi, 2006,
013a, 2019a, 2019b; Aoyagi & Watanabe, 2005a). We have also
xact values for the restricted Boltzmann machine (Aoyagi, 2013b).
dditionally, Rusakov and Geiger (2002, 2005), Zwiernik (2011) and
rton, Lin, Weihs, and Zwiernik (2017) respectively, obtained these
oefficients for naive Bayesian networks, directed tree models with
idden variables, and the Gaussian latent tree and forest models.

Our purpose in this paper is to obtain 𝜆 and 𝜃 for multiple-layered
eural networks with linear units.

In Section 2, we overview the definitions of resolution of singular-
ties and log canonical thresholds, and we show our main results in
ection 3. In Section 4, the main theorem’s proof is obtained, and we
onclude in Section 5.

. Resolution of singularities and log canonical threshold

We denote constants by superscript ∗, for example, 𝑎∗, 𝑏∗, and 𝑤∗.

Definition 1. The log canonical threshold for an analytic function 𝐹
and a 𝐶∞ function 𝜑(𝑤) with a compact support in a neighborhood 𝑈
of 𝑤∗, is defined as

𝜆𝑤∗ (𝐹 , 𝜑) = sup{𝑐 ∶ ∫𝑈
|𝐹 |

−𝑘𝑐𝜑(𝑤)𝑑𝑤(𝑑𝑤)𝑘−1 < ∞},

where 𝑘 = 1 over the real field and 𝑘 = 2 over the complex field.
The value −𝜆𝑤∗ (𝐹 , 𝜑) is equal to the largest pole of the zeta function
𝑈 |𝐹 |

𝑘𝑧𝜑(𝑤)𝑑𝑤(𝑑𝑤)𝑘−1 for 𝑧 ∈ 𝐂, respectively. Also let 𝜃𝑤∗ (𝐹 , 𝜑) be its
order.

If 𝜑(𝑤∗) ≠ 0, then denote 𝜆𝑤∗ (𝐹 ) = 𝜆𝑤∗ (𝐹 , 𝜑) and 𝜃𝑤∗ (𝐹 ) = 𝜃𝑤∗ (𝐹 , 𝜑)
because the log canonical threshold and its order are independent of 𝜑.

For ideal 𝐽 , generated by real analytic functions 𝐹1,… , 𝐹𝑚 in a
eighborhood of 𝑤∗, define 𝜆𝑤∗ (𝐽 ) = 𝜆𝑤∗ (𝐹 2

1 +⋯ + 𝐹 2
𝑚).

Here, 𝜆𝑤∗ (𝐽 ) for ideal 𝐽 is well-defined by Lemma 1.

emma 1 (Aoyagi, 2009, 2010; Lin, 2010). Let  = ⟨𝐹1,… , 𝐹𝑛⟩ be the
deal generated by analytic functions 𝐹1,… , 𝐹𝑛 on a neighborhood 𝑈 of
∗ ∈ 𝐑𝑑 . Also, let 𝐺1,… , 𝐺𝑚 be analytic functions on 𝑈 .

We have

𝑤∗ (𝐺2
1 +⋯ + 𝐺2

𝑚) ≤ 𝜆𝑤∗ (𝐹 2
1 +⋯ + 𝐹 2

𝑛 ),

if 𝐺1,… , 𝐺𝑚 ∈  .
In particular, if  = ⟨𝐺1,… , 𝐺𝑚⟩, then we have

𝜆𝑤∗ (𝐹 2
1 +⋯ + 𝐹 2

𝑛 ) = 𝜆𝑤∗ (𝐺2
1 +⋯ + 𝐺2

𝑚).

efinition 2. Let 𝐶 = (𝑐𝑖𝑗 ) be a matrix. Define ‖𝐶‖ as the norm of
by ‖𝐶‖ =

√

∑

𝑖,𝑗 |𝑐𝑖𝑗 |2. Also define ⟨𝐶⟩ as the ideal generated by all
elements 𝑐𝑖𝑗 of 𝐶.

Applying Hironaka’s Theorem (Hironaka, 1964) to the function

𝐾(𝑤) = 𝐸𝑋,𝑌 [log
𝑝𝑙0(𝑋, 𝑌 )
𝑝𝑙(𝑋, 𝑌 |𝑤)

] = ∫ 𝑟(𝑋, 𝑌 ) log
𝑝𝑙0(𝑋, 𝑌 )
𝑝𝑙(𝑋, 𝑌 |𝑤)

𝑑𝑋𝑑𝑌 ,

where 𝑝𝑙(𝑋, 𝑌 |𝑤) is a learning model with a parameter 𝑤 ∈ 𝑊 and
𝑝𝑙0(𝑋, 𝑌 |𝑤) = 𝑝(𝑋, 𝑌 |𝑤0) for all 𝑤0 ∈ 𝑊0, we obtain the proper analytic
map 𝜋 from a manifold 𝑄 to neighborhood 𝑉 ⊂ 𝑊 ,

𝐾(𝜋(𝑢)) = 𝑢2𝑘1𝑢2𝑘2 ⋯ 𝑢2𝑘𝑑 ,
1 2 𝑑
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𝜋′(𝑢)𝜑(𝜋(𝑢)) = 𝑢ℎ11 𝑢ℎ22 ⋯ 𝑢ℎ𝑑𝑑 ,

where 𝜑(𝑤) is an a priori density function, (𝑢1,… , 𝑢𝑑 ) is a local analytic
coordinate system on 𝑈 ⊂ 𝑄, and 𝑘1,… , 𝑘𝑑 , ℎ1,… , ℎ𝑑 are non-negative
integers. Then, we have

∫𝑉
|𝐾(𝑤)|−𝑐𝜑𝑑𝑤 = ∫𝑄

|𝐾(𝑔′(𝑢))|−𝑐𝜑(𝜋(𝑢))𝜋′(𝑢)𝑑𝑢.

Therefore, the log canonical threshold, i.e., the learning coefficient is

𝜆 = min
𝑈

min
1≤𝑗≤𝑑

ℎ𝑗 + 1
2𝑘𝑗

,

nd its order

= max
𝑢

Card{𝑗 ∶
ℎ𝑗 + 1
2𝑘𝑗

= 𝜆},

here Card(𝑆) denotes the cardinality of a set 𝑆.

3. Multiple-layered neural networks with linear units

Define matrices 𝐴(𝑠) of size 𝐻 (𝑠) ×𝐻 (𝑠+1) for 𝑠 = 1,… , 𝐿,
(𝑠) = (𝑎(𝑠)𝑖𝑗 ), (1 ≤ 𝑖 ≤ 𝐻 (𝑠), 1 ≤ 𝑗 ≤ 𝐻 (𝑠+1)).

Let 𝑊 be the set of parameters

= {𝑤 = {𝐴(𝑠)}1≤𝑠≤𝐿 | 𝐴(𝑠) is an 𝐻 (𝑠) ×𝐻 (𝑠+1) matrix }.

enote the input value by 𝑋 ∈ 𝐑𝐻 (𝐿+1) with probability density function
(𝑋) and output value 𝑌 ∈ 𝐑𝐻 (1) for the multiple-layered neural
etwork with linear units, which is given by

=
𝐿
∏

𝑠=1
𝐴(𝑠)𝑋 + (noise),

ith Gaussian noise. Consider the statistical model

𝑙(𝑌 |𝑋,𝑤) = 1

(
√

2𝜋)𝐻 (1)
exp(−1

2
‖𝑌 −

𝐿
∏

𝑠=1
𝐴(𝑠)𝑋‖

2),

𝑝𝑙(𝑋, 𝑌 |𝑤) = 𝑝𝑙(𝑌 |𝑋,𝑤)𝑟(𝑋).

The model has 𝐻 (𝐿+1) input units, 𝐻 (1) output units, and 𝐻 (𝑠) hidden
units in each hidden layer. Assume that 𝑝𝑙0(𝑋, 𝑌 ) is essentially unique
for 𝑟(𝑋, 𝑌 ), and that

𝑝𝑙0(𝑌 |𝑋) = 1

(
√

2𝜋)𝐻 (1)
exp(−1

2
‖𝑌 −

𝐿
∏

𝑠=1
𝐴∗(𝑠)𝑋‖

2),

𝑙0(𝑋, 𝑌 ) = 𝑝𝑙0(𝑌 |𝑋)𝑟(𝑋),

here
∗ = {𝐴∗(𝑠)}1≤𝑠≤𝐿 ∈ 𝑊0.

his is the over-parameterized case. Moreover, assume that the a priori
robability density function 𝜑(𝑤) is a 𝐶∞− function with compact

support 𝑊 , satisfying 𝜑(𝑤∗) > 0. Then, the 𝜆 for the model corre-
sponding to the log canonical threshold, denoted as 𝜆𝑤∗ (‖

∏𝐿
𝑠=1 𝐴

(𝑠) −
∏𝐿

𝑠=1 𝐴
∗(𝑠)

‖

2), and its associated order, denoted as 𝜃, are as follows.

Definition 3. Let 𝑟 be the rank of ∏𝐿
𝑠=1 𝐴

∗(𝑠) and 𝑀 (𝑠) = 𝐻 (𝑠) − 𝑟 for
𝑠 = 1,… , 𝐿 + 1. Define  ⊂ {1,… , 𝐿 + 1} such that

𝓁 = Card() − 1,

 = {𝑆1,… , 𝑆𝓁+1},

𝑀 (𝑆𝑗 ) < 𝑀 (𝑠) for 𝑆𝑗 ∈  and 𝑠 ∉ ,
𝓁+1
∑

𝑘=1
𝑀 (𝑆𝑘) ≥ 𝓁𝑀 (𝑠) for 𝑠 ∈ 

𝓁+1
∑

𝑀 (𝑆𝑘) < 𝓁𝑀 (𝑠) for 𝑠 ∉ .
3

𝑘=1
Let 𝑀 be the integer such that

𝑀 − 1 <
∑𝓁+1

𝑘=1 𝑀
(𝑆𝑘)

𝓁
≤ 𝑀,

and

𝑎 =
𝓁+1
∑

𝑘=1
𝑀 (𝑆𝑘) − (𝑀 − 1)𝓁.

heorem 1. We have

=
−𝑟2 + 𝑟(𝐻 (1) +𝐻 (𝐿+1))

2
+

𝑎(𝓁 − 𝑎)
4𝓁

−
𝓁(𝓁 − 1)

4
(

∑𝓁+1
𝑗=1 𝑀 (𝑆𝑗 )

𝓁
)2 + 1

2
∑

1≤𝑖<𝑗≤𝓁+1
𝑀 (𝑆𝑖)𝑀 (𝑆𝑗 )

=
−𝑟2 + 𝑟(𝐻 (1) +𝐻 (𝐿+1))

2

+
𝑎(𝓁 − 𝑎)

4𝓁
−

𝓁(𝓁 − 1)
4

(𝑀 + 𝑎 − 𝓁
𝓁

)2 + 1
2

∑

1≤𝑖<𝑗≤𝓁+1
𝑀 (𝑆𝑖)𝑀 (𝑆𝑗 )

=
−𝑟2 + 𝑟(𝐻 (1) +𝐻 (𝐿+1))

2
− 1

4
(𝓁 − 𝑎 − 1)(𝓁 − 𝑎)

−
𝓁(𝓁 − 1)

4
(𝑀2 + 2𝑎 − 𝓁

𝓁
𝑀) + 1

2
∑

1≤𝑖<𝑗≤𝓁+1
𝑀 (𝑆𝑖)𝑀 (𝑆𝑗 )

nd

= 𝑎(𝓁 − 𝑎) + 1.

emark 1. If Card{𝑠 | 𝑀 (𝑠) = 0} = 1, then we have

= {𝑠 | 𝑀 (𝑠) = min{𝑀 (𝑠′)
| 𝑀 (𝑠′) > 0}, or 𝑀 (𝑠) = 0}.

f Card{𝑠 | 𝑀 (𝑠) = 0} > 1, then we have

= {𝑠 | 𝑀 (𝑠) = 0}.

ome calculations show that for both cases, 𝜆 = −𝑟2+𝑟(𝐻 (1)+𝐻 (𝐿+1))
2 and

𝜃 = 1.

Example 1. If 𝑀 (1) = 𝑀 (2) = ⋯ = 𝑀 (𝐿+1), then, we have 𝓁 = 𝐿, the
nteger 𝑀 such that 𝑀 − 1 < 𝐿+1

𝐿 𝑀 (1) ≤ 𝑀 and 𝑎 = (𝐿+ 1)𝑀 (1) − (𝑀 −
1)𝐿.

We have

𝜆 = −𝑟2 + 2𝑟𝐻 (1)

2
+

𝑎(𝐿 − 𝑎)
4𝐿

+ 𝐿 + 1
4𝐿

(𝑀 (1))2

nd

= 𝑎(𝐿 − 𝑎) + 1.

Fig. 1 shows that the curve of 𝜆 and 𝜃, when 𝑟 = 0, 𝑀 (1) = 100 and
𝐿 = 2,… , 120 in Example 1.

Theorem 2 (Aoyagi & Watanabe, 2005b). In the paper Aoyagi and
Watanabe (2005b), the learning coefficients for the reduced rank regression
model which corresponds to 𝐿 = 2 in Theorem 1 were obtained. We used
the following expression. Note that 𝐻 (𝑠) = 𝑀 (𝑠) + 𝑟.

(1) If 𝐻 (1)+𝑟 ≤ 𝐻 (2)+𝐻 (3), 𝐻 (2)+𝑟 ≤ 𝐻 (1)+𝐻 (3), 𝐻 (3)+𝑟 ≤ 𝐻 (1)+𝐻 (2)

and 𝐻 (1) +𝐻 (2) +𝐻 (3) + 𝑟 is even, we have

•  = {1, 2, 3}, 𝑆1 = 1, 𝑆2 = 2, 𝑆3 = 3, 𝓁 = 2,

• 𝑀 (𝑠) ≤
∑3

𝑗=1 𝑀
(𝑆𝑗 )

2 for 𝑠 = 1, 2, 3,

• 𝑀 =
∑3

𝑗=1 𝑀
(𝑆𝑗 )

2 , 𝑎 = 2,
• 𝜃 = 1,

𝜆 =
−𝑟2 + 𝑟(𝐻 (1) +𝐻 (3))

2
− 1

2
(

∑3
𝑗=1 𝑀

(𝑆𝑗 )

2
)2

+ 1
2

∑

𝑀 (𝑆𝑖)𝑀 (𝑆𝑗 )
1≤𝑖<𝑗≤3
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Fig. 1. The curves of 𝜆 and 𝜃, when 𝑟 = 0, 𝑀 (1) = 100 and 𝐿 = 2,… , 120 in Example 1.

=
−(𝐻 (2) + 𝑟)2 −𝐻 (1)2 −𝐻 (3)2 + 2(𝐻 (2) + 𝑟)𝐻 (1)

8

+
2(𝐻 (2) + 𝑟)𝐻 (3) + 2𝐻 (1)𝐻 (3)

8
.

(2) If 𝐻 (1)+𝑟 ≤ 𝐻 (2)+𝐻 (3), 𝐻 (2)+𝑟 ≤ 𝐻 (1)+𝐻 (3), 𝐻 (3)+𝑟 ≤ 𝐻 (1)+𝐻 (2)

and 𝐻 (1) +𝐻 (2) +𝐻 (3) + 𝑟 is odd, we have

•  = {1, 2, 3}, 𝑆1 = 1, 𝑆2 = 2, 𝑆3 = 3, 𝓁 = 2,

• 𝑀 (𝑠) ≤
∑3

𝑗=1 𝑀
(𝑆𝑗 )

2 for 𝑠 = 1, 2, 3,

• 𝑀 =
∑3

𝑗=1 𝑀
(𝑆𝑗 )+1

2 , 𝑎 = 1,
• 𝜃 = 2,

𝜆 =
−𝑟2 + 𝑟(𝐻 (1) +𝐻 (3))

2
+ 1

8

−1
2
(

∑3
𝑗=1 𝑀

(𝑆𝑗 )

2
)2 + 1

2
∑

1≤𝑖<𝑗≤3
𝑀 (𝑆𝑖)𝑀 (𝑆𝑗 )

=
−(𝐻 (2) + 𝑟)2 −𝐻 (1)2 −𝐻 (3)2 + 2(𝐻 (2) + 𝑟)𝐻 (1)

8

+
2(𝐻 (2) + 𝑟)𝐻 (3) + 2𝐻 (1)𝐻 (3) + 1

8
.

(3) If 𝐻 (1) +𝐻 (2) < 𝐻 (3) + 𝑟, we have

•  = {1, 2}, 𝑆1 = 1, 𝑆2 = 2, 𝓁 = 1,
• 𝑀 (𝑠) ≤

∑2
𝑗=1 𝑀

(𝑆𝑗 ) for 𝑠 = 1, 2,
• 𝑀 (3) >

∑2
𝑗=1 𝑀

(𝑆𝑗 ),
• 𝑀 =

∑2
𝑗=1 𝑀

(𝑆𝑗 ), 𝑎 = 1,
• 𝜃 = 1,

𝜆 =
−𝑟2 + 𝑟(𝐻 (1) +𝐻 (3))

2
+ 1

2
𝑀 (1)𝑀 (2)

= 𝐻 (2)𝐻 (1) −𝐻 (2)𝑟 +𝐻 (3)𝑟 .
4

2

(4) If 𝐻 (2) +𝐻 (3) < 𝐻 (1) + 𝑟, we have

•  = {2, 3}, 𝑆1 = 2, 𝑆2 = 3, 𝓁 = 1,
• 𝑀 (𝑠) ≤

∑2
𝑗=1 𝑀

(𝑆𝑗 ) for 𝑠 = 2, 3,
• 𝑀 (1) >

∑2
𝑗=1 𝑀

(𝑆𝑗 ),
• 𝑀 =

∑2
𝑗=1 𝑀

(𝑆𝑗 ), 𝑎 = 1,
• 𝜃 = 1,

𝜆 =
−𝑟2 + 𝑟(𝐻 (1) +𝐻 (3))

2
+ 1

2
𝑀 (2)𝑀 (3)

= 𝐻 (2)𝐻 (3) −𝐻 (2)𝑟 +𝐻 (1)𝑟
2

.

(5) If 𝐻 (1) +𝐻 (3) < 𝐻 (2) + 𝑟, we have

•  = {1, 3}, 𝑆1 = 1, 𝑆2 = 3, 𝓁 = 1,
• 𝑀 (𝑠) ≤

∑2
𝑗=1 𝑀

(𝑆𝑗 ) for 𝑠 = 1, 3,
• 𝑀 (2) >

∑2
𝑗=1 𝑀

(𝑆𝑗 ),
• 𝑀 =

∑2
𝑗=1 𝑀

(𝑆𝑗 ), 𝑎 = 1,
• 𝜃 = 1,

𝜆 =
−𝑟2 + 𝑟(𝐻 (1) +𝐻 (3))

2
+ 1

2
𝑀 (1)𝑀 (3)

= 𝐻 (1)𝐻 (3)

2
.

4. Proof of main theorem

Define 𝐸𝑠 be the identity matrix of size 𝑠.

Lemma 2. Let 𝐴 = (𝑎𝑖𝑗 ) be an ℎ1 × ℎ2 matrix of variables with rank 𝑟1.

Let 𝑟 ≤ 𝑟1 and define 𝐴 =
(

𝐴1 𝐴2
𝐴3 𝐴4

)

, where 𝐴1 is a regular matrix of

size 𝑟 × 𝑟.
Then, there exist regular matrices 𝑄1 =

(

𝐸𝑟 𝑂
𝐹3 𝐸ℎ1−𝑟

)

and 𝑄2 =
(

𝐸𝑟 𝐹2
𝑂 𝐸ℎ2−𝑟

)

such that

𝑄1𝐴𝑄2 =
(

𝐴1 𝑂
𝑂 𝐶4

)

,

with rank(𝐶4) = 𝑟1 − 𝑟.

Proof. Because 𝐴1 is regular, let 𝑄1 =
(

𝐸𝑟 𝑂
−𝐴3𝐴−1

1 𝐸ℎ1−𝑟

)

. Then,

𝑄1𝐴 =
(

𝐴1 𝐴2
𝑂 −𝐴3𝐴−1

1 𝐴2 + 𝐴4

)

.

We transform the variables 𝐴4 to 𝐶4 = −𝐴3𝐴−1
1 𝐴2 + 𝐴4, to obtain

𝑄1𝐴 =
(

𝐴1 𝐴2
𝑂 𝐶4

)

.

Let 𝑄2 =
(

𝐸𝑟 −𝐴−1
1 𝐴2

𝑂 𝐸ℎ2−𝑟

)

, then we have 𝑄1𝐴𝑄2 =
(

𝐴1 𝑂
𝑂 𝐶4

)

.

We transform the variables 𝐴2 and 𝐴3 to 𝐹2 = −𝐴−1
1 𝐴2 and 𝐹3 =

−𝐴3𝐴−1
1 , respectively. Then, we have

𝑄1 =
(

𝐸𝑟 𝑂
𝐹3 𝐸ℎ1−𝑟

)

𝑄2 =
(

𝐸𝑟 𝐹2
𝑂 𝐸ℎ2−𝑟

)

,

which completes the proof. □

Lemma 3. Let 𝐶, 𝐷, 𝑃 and 𝑄 be an ℎ1 × ℎ2 matrix, an ℎ0 × ℎ2 matrix,
an ℎ0 × ℎ1 matrix and an ℎ2 × ℎ3 matrix, respectively.

Then, we have the followings.

(1) ⟨𝑃𝐶⟩ ⊂ ⟨𝐶⟩. ⟨𝐶𝑄⟩ ⊂ ⟨𝐶⟩.
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⟨

(2) ⟨𝑃𝐶 +𝐷⟩ + ⟨𝐶⟩ = ⟨𝐷⟩ + ⟨𝐶⟩.
(3) If ℎ0 = ℎ1, ℎ2 = ℎ3 and 𝑃 ,𝑄 are regular, we have

⟨𝑃𝐶⟩ = ⟨𝐶⟩, ⟨𝐶𝑄⟩ = ⟨𝐶⟩.

Proof. Since all elements in 𝑃𝐶 are linear combinations of those in 𝐶,
we have ⟨𝑃𝐶⟩ ⊂ ⟨𝐶⟩. Therefore,

⟨𝑃𝐶+𝐷⟩+⟨𝐶⟩ = ⟨𝑃𝐶+𝐷⟩+⟨𝑃𝐶⟩+⟨𝐶⟩ = ⟨𝐷⟩+⟨𝑃𝐶⟩+⟨𝐶⟩ = ⟨𝐷⟩+⟨𝐶⟩.

If 𝑃 is regular, we have ⟨𝐶⟩ = ⟨𝑃−1𝑃𝐶⟩ ⊂ ⟨𝑃𝐶⟩. Therefore, we have
𝑃𝐶⟩ = ⟨𝐶⟩. The same argument holds for 𝑄 as well. □

Let the matrix 𝐴(𝑠) be in a neighborhood of 𝐴∗(𝑠) of rank 𝑟(𝑠). In
considering ∏𝐿

𝑠=1 𝐴
(𝑠) in a neighborhood of a matrix of rank 𝑟, we

have 𝑟(𝑠) ≥ 𝑟. By Lemmas 1 and 3 (3), we can assume ∏𝐿
𝑠=1 𝐴

∗(𝑠) =
(

𝐸𝑟 𝑂
𝑂 𝑂

)

.

Theorem 3. There exist regular matrices 𝑃1 =
(

𝐸𝑟 𝑂
𝐹3 𝐸𝐻 (1)−𝑟

)

and

𝑃2 =
(

𝐸𝑟 𝐹2
𝑂 𝐸𝐻 (𝐿+1)−𝑟

)

such that

𝑃1(
𝐿
∏

𝑠=1
𝐴(𝑠))𝑃2 =

(

𝐶1 𝑂
𝑂

∏𝐿
𝑠=1 𝐶

(𝑠)

)

,

where 𝐶1 is in a neighborhood of 𝐸𝑟, rank(𝐶 (𝑠)) is 𝑟(𝑠) − 𝑟, and ∏𝐿
𝑠=1 𝐶

(𝑠) is
in a neighborhood of 𝑂.

Proof. Let 𝐴(1) =

(

𝐴(1)
1 𝐴(1)

2

𝐴(1)
3 𝐴(1)

4

)

, where 𝐴(1)
1 is a matrix of size 𝑟 × 𝑟.

Because ∏𝐿
𝑠=1 𝐴

∗(𝑠) =
(

𝐸𝑟 𝑂
𝑂 𝑂

)

, we can assume that rank(𝐴(1)
1 ) = 𝑟.

By Lemma 2, there exist regular matrices 𝑄(1)
1 =

(

𝐸𝑟 𝑂

𝐹 (1)
3 𝐸𝐻 (1)−𝑟

)

and 𝑄(1)
2 =

(

𝐸𝑟 𝐹 (1)
2

𝑂 𝐸𝐻 (2)−𝑟

)

such that

𝑄(1)
1 𝐴(1)𝑄(1)

2 =

(

𝐴(1)
1 𝑂
𝑂 𝐶 (1)

4

)

.

Assume that we have 𝑄′
1 =

(

𝐸𝑟 𝑂
𝐹 ′
3 𝐸𝐻 (1)−𝑟

)

and 𝑄′
2 =

(

𝐸𝑟 𝐹 ′
2

𝑂 𝐸𝐻 (𝑆+1)−𝑟

)

such that

𝑄′
1(

𝑆
∏

𝑠=1
𝐴(𝑠))𝑄′

2 =
(

𝐶 ′
1 𝑂
𝑂

∏𝑆
𝑠=1 𝐶

(𝑠)

)

.

where 𝐶 ′
1 is regular.

Let 𝐴′(𝑆+1) = 𝑄′−1
2 𝐴(𝑆+1) =

(

𝐴′
1 𝐴′

2

𝐴′
3 𝐴′

4

)

. Then, we have

𝑄′
1(

𝑆
∏

𝑠=1
𝐴(𝑠))𝐴(𝑆+1) = 𝑄′

1(
𝑆
∏

𝑠=1
𝐴(𝑠))𝑄′

2𝐴
′(𝑆+1)

=

(

𝐶 ′
1𝐴

′
1 𝐶 ′

1𝐴
′
2

∏𝑆
𝑠=1 𝐶

(𝑠)𝐴′
3

∏𝑆
𝑠=1 𝐶

(𝑠)𝐴′
4

)

.

Because 𝑄′
1

(

𝐸𝑟 𝑂
𝑂 𝑂

)

=
(

𝐸𝑟 𝑂
𝐹 ′
3 𝑂

)

, we can assume 𝐶 ′
1𝐴

′
1 is

regular. Let 𝑄′′
1 =

(

𝐸𝑟 𝑂
−
∏𝑆

𝑠=1 𝐶
(𝑠)𝐴′

3(𝐶
′
1𝐴

′
1)

−1 𝐸𝐻 (1)−𝑟

)

. Then,

𝑄′′
1𝑄

′
1(

𝑆
∏

𝐴(𝑠))𝐴(𝑆+1) =

(

𝐶 ′
1𝐴

′
1 𝐶 ′

1𝐴
′
2

∏𝑆 (𝑠) ′ ′−1 ′ ∏𝑆 (𝑠) ′

)

.

5

𝑠=1 𝑂 − 𝑠=1 𝐶 𝐴3𝐴1 𝐴2 + 𝑠=1 𝐶 𝐴4
We also transform the variables 𝐴′
4 to 𝐶 (𝑆+1) = −𝐴′

3𝐴
′−1
1 𝐴′

2 + 𝐴′
4, to

obtain

𝑄′′
1𝑄

′
1(

𝑆
∏

𝑠=1
𝐴(𝑠))𝐴(𝑆+1) =

(

𝐶 ′
1𝐴

′
1 𝐶 ′

1𝐴
′
2

𝑂
∏𝑆+1

𝑠=1 𝐶 (𝑠)

)

.

Let 𝑄′′
2 =

(

𝐸𝑟 −𝐴′−1
1 𝐴′

2
𝑂 𝐸𝐻 (𝑆+2)−𝑟

)

, then we have

𝑄′′
1𝑄

′
1(

𝑆
∏

𝑠=1
𝐴(𝑠))𝐴(𝑆+1)𝑄′′

2 =

(

𝐶 ′
1𝐴

′
1 𝑂

𝑂
∏𝑆+1

𝑠=1 𝐶 (𝑠)

)

.

We transform the variables 𝐴′
2 and 𝐹 ′

3 to 𝐹 ′′
2 = −𝐴′−1

1 𝐴′
2 and 𝐹 ′′

3 =
𝐹 ′
3 −

∏𝑆
𝑠=1 𝐶

(𝑠)𝐴′
3(𝐶

′
1𝐴

′
1)

−1, respectively. Then, we have

𝑄′′
1𝑄

′
1 =

(

𝐸𝑟 𝑂

𝐹 ′′
3 𝐸𝐻 (1)−𝑟

)

𝑄′′
2 =

(

𝐸𝑟 𝐹 ′′
2

𝑂 𝐸𝐻 (𝑆+2)−𝑟

)

,

which completes the proof by induction. □

By Theorem 3, we have

𝑃1

( 𝐿
∏

𝑠=1
𝐴(𝑠) −

(

𝐸𝑟 𝑂
𝑂 𝑂

)

)

𝑃2 =
(

𝐶1 𝑂
𝑂

∏𝐿
𝑠=1 𝐶

(𝑠)

)

−
(

𝐸𝑟 𝐹2
𝐹3 𝐹3𝐹2

)

=
(

𝐶1 − 𝐸𝑟 −𝐹2
−𝐹3

∏𝐿
𝑠=1 𝐶

(𝑠) − 𝐹3𝐹2

)

.

By Lemma 3,

⟨

𝐿
∏

𝑠=1
𝐴(𝑠) −

𝐿
∏

𝑠=1
𝐴∗(𝑠)

⟩ = ⟨

(

𝐶1 − 𝐸𝑟 −𝐹2
−𝐹3

∏𝐿
𝑠=1 𝐶

(𝑠) − 𝐹3𝐹2

)

⟩

= ⟨𝐶1 − 𝐸𝑟⟩ + ⟨𝐹2⟩ + ⟨𝐹3⟩ + ⟨

𝐿
∏

𝑠=1
𝐶 (𝑠)

⟩.

Since 𝜆𝑤∗ ⟨𝐶1 − 𝐸𝑟⟩ = 𝑟2

2 , 𝜆𝑤∗ ⟨𝐹2⟩ = 𝑟(𝐻 (𝐿+1)−𝑟)
2 and 𝜆𝑤∗ ⟨𝐹3⟩ =

𝑟(𝐻 (1)−𝑟)
2 , we have

𝜆𝑤∗ ⟨

𝐿
∏

𝑠=1
𝐴(𝑠) −

𝐿
∏

𝑠=1
𝐴∗(𝑠)

⟩ =
𝑟2 + 𝑟(𝐻 (1) +𝐻 (𝐿+1) − 2𝑟)

2
+ 𝜆𝑤∗ ⟨

𝐿
∏

𝑠=1
𝐶 (𝑠)

⟩

=
−𝑟2 + 𝑟(𝐻 (1) +𝐻 (𝐿+1))

2
+ 𝜆𝑤∗ ⟨

𝐿
∏

𝑠=1
𝐶 (𝑠)

⟩.

Let 𝑀 (𝑠) = 𝐻 (𝑠) − 𝑟 for 𝑠 = 1,… , 𝐿 + 1.

Theorem 4 (Method for Determining the Deepest Singular Point (Aoy-
agi, 2013a)). Let 𝐹1(𝑤1,… , 𝑤𝑑 ), …, 𝐹𝑚(𝑤1,… , 𝑤𝑑 ) be homogeneous
functions of 𝑤1,… , 𝑤𝑗 (1 ≤𝑗 ≤ 𝑑). Also, let 𝜑 be a 𝐶∞ function such
that 𝜑(0,… , 0, 𝑤∗

𝑗+1,… , 𝑤∗
𝑑 ) ≥ 𝜑(𝑤∗

1 ,… , 𝑤∗
𝑑 ) and 𝜑𝑤 is a homogeneous

function of 𝑤1,… , 𝑤𝑗 in a small neighborhood of (0,… , 0, 𝑤∗
𝑗+1,… , 𝑤∗

𝑑 ).
Then, we have

𝜆(0,…,0,𝑤∗
𝑗+1 ,…,𝑤∗

𝑑 )
(⟨𝐹1,… , 𝐹𝑚⟩, 𝜑) ≤ 𝜆(𝑤∗

1 ,…,𝑤∗
𝑗 ,𝑤

∗
𝑗+1 ,…,𝑤∗

𝑑 )
(⟨𝐹1,… , 𝐹𝑚⟩, 𝜑).

By Theorem 4 in the case where 𝜑 > 0, we can set 𝑟(𝑠) = 𝑟 for
𝑠 = 1,… , 𝐿, without loss of generality. Note that if 𝜑 > 0, the degree
of 𝜑 is 0.

Define for 𝑠 = 1,… , 𝐿,

𝐶 (𝑠) = (𝑐(𝑠)𝑖𝑗 ), (1 ≤ 𝑖 ≤ 𝑀 (𝑠), 1 ≤ 𝑗 ≤ 𝑀 (𝑠+1)),

and consider the log canonical threshold of ‖∏𝐿
𝑠=1 𝐶

(𝑠)
‖

2.
We prove the main theorem by developing blow-up method along

submanifolds to obtain log canonical thresholds, i.e., learning coeffi-
cients. We use a recursive blow-up process.

Define the numerical sequence by

𝑀(𝑆) = min{𝑀 (𝑠)
| 1 ≤ 𝑠 ≤ 𝑆}



Neural Networks 172 (2024) 106132M. Aoyagi

𝑇

d

𝑇

a

𝑇

(

(

for 𝑆 = 1,… , 𝐿+1. Let

𝑆,𝑘 = (𝑡(1)𝑆,𝑘,… , 𝑡(𝐿)𝑆,𝑘).

Definition 4. For two vectors 𝑇 = (𝑡1,… , 𝑡𝐿) and 𝑇 ′ = (𝑡′1,… , 𝑡′𝐿) ∈ 𝐑𝐿,
enote

≤ 𝑇 ′ if 𝑡1 ≤ 𝑡′1,… , 𝑡𝐿 ≤ 𝑡′𝐿,

nd

< 𝑇 ′ if 𝑡1 ≤ 𝑡′1,… , 𝑡𝐿 ≤ 𝑡′𝐿 and 𝑇 ≠ 𝑇 ′.

Inductive statement)
Let us prove the following inductive statement for 𝐽 ≥ 0 and 𝑆 ≥ 1

A) ⟨

𝐿
∏

𝑠=1
𝐶 (𝑠)

⟩ = ⟨diag(𝑏1,… , 𝑏𝑀(𝑆))
(

𝐸𝐽 𝑂
𝑂 𝐷𝐽

) 𝐿
∏

𝑠=𝑆+1
𝐶 (𝑠)

⟩,

where diag(𝑏1,… , 𝑏𝑀(𝑆)) is a diagonal matrix of size 𝑀(𝑆) ×𝑀(𝑆).
Let 𝐷𝐽 = (𝑑𝑖,𝑗 ) for 𝐽 + 1 ≤ 𝑖 ≤ 𝑀(𝑆), 𝐽 + 1 ≤ 𝑗 ≤ 𝑀 (𝑆+1) be a matrix

of size (𝑀(𝑆) − 𝐽 ) × (𝑀 (𝑆+1) − 𝐽 ) and

𝑏0 = 1

𝑏𝑖 =
∏

{(𝑠,𝑘)|𝑡𝑠,𝑘=𝑖−1}
𝑢𝑠,𝑘𝑏𝑖−1, 𝑖 = 1,… ,𝑀(𝑆),

𝐿
∏

𝑠=1

𝑀 (𝑠)
∏

𝑖=1

𝑀 (𝑠+1)
∏

𝑗=1
d𝑐(𝑠)𝑖𝑗 = (

𝑆−1
∏

𝑠=1

𝑀(𝑠+1)
∏

𝑘=1
𝑢𝑀𝑠,𝑘−1
𝑠,𝑘 d𝑢𝑠,𝑘)(

𝐽
∏

𝑘=1
𝑢𝑀𝑆,𝑘−1
𝑆,𝑘 d𝑢𝑆,𝑘)

× (
𝑀(𝑆)
∏

𝑖=𝐽+1

𝑀 (𝑆+1)
∏

𝑗=𝐽+1
d𝑑𝑖𝑗 )(

𝐿
∏

𝑠=𝑆+1

𝑀 (𝑠)
∏

𝑖=1

𝑀 (𝑠+1)
∏

𝑗=1
d𝑐(𝑠)𝑖𝑗 ),

𝑡𝑠,𝑘 = min{𝑡(𝑆
′)

𝑠,𝑘 ∶ 1 ≤ 𝑆′ ≤ 𝐿},

for 1 ≤ 𝑠 ≤ 𝑆 − 1, 1 ≤ 𝑘 ≤ 𝑀(𝑠 + 1),

𝑡𝑆,𝑘 = min{𝑡(𝑆
′)

𝑆,𝑘 ∶ 1 ≤ 𝑆′ ≤ 𝐿} = 𝑡(𝑆)𝑆,𝑘, for 1 ≤ 𝑘 ≤ 𝐽 ,

by a blow-up process.
Moreover, we have

(𝐵) 𝑇𝑠,𝑘 ≤ 𝑇𝑠′ ,𝑘′ , or 𝑇𝑠,𝑘 ≥ 𝑇𝑠′ ,𝑘′ ,

for 1 ≤ 𝑠, 𝑠′ ≤ 𝑆, 1 ≤ 𝑘 ≤
{

𝑀(𝑠 + 1), if 𝑠, 𝑠′ < 𝑆,
𝐽 , if 𝑠 = 𝑆, 𝑠′ = 𝑆.

(End of the inductive statement)
Inductively, 𝑇𝑠,𝑘 and 𝑡(𝑆)𝑠,𝑘 are defined, updated and used to demon-

strate that 𝑢𝑠,𝑘 is composed of 𝑏𝑖 when 𝑡(𝑆)𝑠,𝑘 ≤ 𝑖 − 1, and 𝜆 is expressed
by one of 𝑡(𝑆)𝑠,𝑘 ’s. The relations (B) is used to obtain the value 𝜃.

The above is obvious for 𝑆 = 1 and 𝐽 = 0, where the right side of
Equation (A) is the same as the left side. From now on, we will consider

Case 1 : 𝑏𝐽+1 = 𝑏𝐽+2 = ⋯ = 𝑏𝐽+𝐽1 , 𝑏𝐽+𝐽1+1 ≠ 𝑏𝐽+𝐽1 .
Case 2: 𝑏𝐽+1 = 𝑏𝐽+2 = ⋯ = 𝑏𝑀(𝑆).

Case 1
Assume that

𝑏𝐽+1 = 𝑏𝐽+2 = ⋯ = 𝑏𝐽+𝐽1 , 𝑏𝐽+𝐽1+1 ≠ 𝑏𝐽+𝐽1 ,

that is, {𝑡𝑠,𝑘 | 𝑡𝑠,𝑘 = 𝑖} = 𝜙 for 𝑖 = 𝐽 + 1,… , 𝐽 + 𝐽1 − 1.
Fix 𝑢𝑠,𝑘 such that 𝑡𝑠,𝑘 = 𝐽 + 𝐽1 and 𝑇𝑠,𝑘 ≤ 𝑇𝑠′ ,𝑘′ for 𝑡𝑠′ ,𝑘′ = 𝐽 + 𝐽1.
Construct the blow-up along the submanifold

{𝑑𝑖𝑗 = 0(𝑖 = 𝐽 + 1,… , 𝐽 + 𝐽1, 𝑗 = 𝐽 + 1,… ,𝑀 (𝑆+1)), 𝑢𝑠,𝑘 = 0},

Case 1 (1)
Consider instances in which

⎛

⎜

⎜

𝑑𝐽+1,𝐽+1 𝑑𝐽+1,𝐽+2 ⋯ 𝑑𝐽+1,𝑀 (𝑆+1)

⋮ ⋮ ⋯ ⋮
⎞

⎟

⎟

6

⎝
𝑑𝐽+𝐽1 ,𝐽+1 𝑑𝐽+𝐽1 ,𝐽+2 ⋯ 𝑑𝐽+𝐽1 ,𝑀 (𝑆+1) ⎠
= 𝑢𝑠,𝑘

⎛

⎜

⎜

⎜

⎝

𝑑′𝐽+1,𝐽+1 𝑑′𝐽+1,𝐽+2 ⋯ 𝑑′
𝐽+1,𝑀 (𝑆+1)

⋮ ⋮ ⋯ ⋮
𝑑′𝐽+𝐽1 ,𝐽+1 𝑑′𝐽+𝐽1 ,𝐽+2 ⋯ 𝑑′

𝐽+𝐽1 ,𝑀 (𝑆+1)

⎞

⎟

⎟

⎟

⎠

.

Let

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑡(𝑆)𝑠,𝑘 = 𝑡(𝑆+1)𝑠,𝑘 = ⋯ = 𝑡(𝐿)𝑠,𝑘 = 𝐽 , 𝑡𝑠,𝑘 = 𝐽
𝑏′𝐽+1 = 𝑢𝑠,𝑘𝑏𝐽+1

⋮
𝑏′𝐽+𝐽1 = 𝑢𝑠,𝑘𝑏𝐽+𝐽1
𝑀 ′

𝑠,𝑘 = 𝑀𝑠,𝑘 + 𝐽1(𝑀 (𝑆+1) − 𝐽 ).

Because {𝑡𝑠′ ,𝑘′ | 𝑡𝑠′ ,𝑘′ = 𝑖} = 𝜙 for 𝑖 = 𝐽 + 1,… , 𝐽 + 𝐽1 − 1, that is,
𝑡𝑠′ ,𝑘′ ≤ 𝐽 or 𝑡𝑠′ ,𝑘′ ≥ 𝐽 + 𝐽1, and 𝑇𝑠,𝑘 ≤ 𝑇𝑠′ ,𝑘′ for 𝑡𝑠′ ,𝑘′ = 𝐽 + 𝐽1, and we
therefore have

𝑇𝑠,𝑘 ≤ 𝑇𝑠′ ,𝑘′ or 𝑇𝑠,𝑘 ≥ 𝑇𝑠′ ,𝑘′ ,

for 1 ≤ 𝑠′ ≤ 𝑆 and 1 ≤ 𝑘′ ≤
{

𝑀(𝑠 + 1), if 𝑠′ < 𝑆,
𝐽 , if 𝑠′ = 𝑆.

.

Again, let 𝑏′𝑖 ,𝑀
′
𝑠,𝑘 be 𝑏𝑖,𝑀𝑠,𝑘, and we have the inductive statement

with the number of elements in {𝑢𝑠′ ,𝑘′ | 𝑡𝑠′ ,𝑘′ = 𝐽 + 𝐽1} decreased by
one.

Case 1 (2)

Consider instances in which

⎛

⎜

⎜

⎜

⎝

𝑑𝐽+1,𝐽+1 𝑑𝐽+1,𝐽+2 ⋯ 𝑑𝐽+1,𝑀 (𝑆+1)

⋮ ⋮ ⋯ ⋮

𝑑𝐽+𝐽1 ,𝐽+1 𝑑𝐽+𝐽1 ,𝐽+2 ⋯ 𝑑𝐽+𝐽1 ,𝑀 (𝑆+1)

⎞

⎟

⎟

⎟

⎠

= 𝑢𝑆,𝐽+1

⎛

⎜

⎜

⎜

⎜

⎝

1 𝑑′𝐽+1,𝐽+2 ⋯ 𝑑′
𝐽+1,𝑀 (𝑆+1)

⋮ ⋮ ⋯ ⋮

𝑑′𝐽+𝐽1 ,𝐽+1 𝑑′𝐽+𝐽1 ,𝐽+2 ⋯ 𝑑′
𝐽+𝐽1 ,𝑀 (𝑆+1)

⎞

⎟

⎟

⎟

⎟

⎠

and

𝑢𝑠,𝑘 = 𝑢𝑆,𝐽+1𝑢
′
𝑠,𝑘.

Let

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑡(𝑖)𝑆,𝐽+1 = 𝑡(𝑖)𝑠,𝑘, (𝑖 = 1,… , 𝑆 − 1)
𝑡(𝑆)𝑆,𝐽+1 = 𝑡(𝑆+1)𝑆,𝐽+1 = ⋯ = 𝑡(𝐿)𝑆,𝐽+1 = 𝐽 , 𝑡𝑆,𝐽+1 = 𝐽
𝑏′𝐽+1 = 𝑢𝑆,𝐽+1𝑏𝐽+1

⋮
𝑏′𝑀(𝑆) = 𝑢𝑆,𝐽+1𝑏𝑀(𝑆)
𝑀 ′

𝑆,𝐽+1 = 𝑀𝑠,𝑘 + 𝐽1(𝑀 (𝑆+1) − 𝐽 ).

Because {𝑡𝑠′ ,𝑘′ | 𝑡𝑠′ ,𝑘′ = 𝑖} = 𝜙 for 𝑖 = 𝐽 + 1,… , 𝐽 + 𝐽1 − 1, that is,
𝑡𝑠′ ,𝑘′ ≤ 𝐽 or 𝑡𝑠′ ,𝑘′ ≥ 𝐽 + 𝐽1, and 𝑇𝑠,𝑘 ≤ 𝑇𝑠′ ,𝑘′ for 𝑡𝑠′ ,𝑘′ = 𝐽 + 𝐽1, and we
therefore have

𝑇𝑆,𝐽+1 ≤ 𝑇𝑠′ ,𝑘′ or 𝑇𝑆,𝐽+1 ≥ 𝑇𝑠′ ,𝑘′ ,

for 1 ≤ 𝑠′ ≤ 𝑆 and 1 ≤ 𝑘′ ≤
{

𝑀(𝑠 + 1), if 𝑠′ < 𝑆,
𝐽 , if 𝑠′ = 𝑆.

.

Define regular matrix 𝑄

𝑄 =

⎛

⎜

⎜

⎜

⎜

⎜

1 −𝑑′𝐽+1,𝐽+2 −𝑑′𝐽+1,𝐽+3 ⋯ −𝑑′
𝐽+1,𝑀 (𝑆+1)

0 1 0 ⋯ 0
0 0 1 ⋯ 0
⋮ ⋮ ⋱ ⋮

⎞

⎟

⎟

⎟

⎟

⎟

.

⎝ 0 0 ⋯ 1 ⎠
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f

𝑃

i

C

𝑏

t

{

=

𝑡

𝑇

f

𝑄

a

𝐷

and transform the variables introducing

𝐷′′
𝐽 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 0 ⋯ 0

𝑑′′𝐽+2,𝐽+1 𝑑′′𝐽+2,𝐽+2 ⋯ 𝑑′′
𝐽+2,𝑀 (𝑆+1)

𝑑′′𝐽+3,𝐽+1 𝑑′′𝐽+3,𝐽+2 ⋯ 𝑑′′
𝐽+3,𝑀 (𝑆+1)

⋮ ⋮ ⋱ ⋮

𝑑′′𝐽+𝐽1 ,𝐽+1 𝑑′′𝐽+𝐽1 ,𝐽+2 ⋯ 𝑑′′
𝐽+𝐽1 ,𝑀 (𝑆+1)

𝑑′′𝐽+𝐽1+1,𝐽+1 𝑑′′𝐽+𝐽1+1,𝐽+2 ⋯ 𝑑′′
𝐽+𝐽1+1,𝑀 (𝑆+1)

⋮ ⋮ ⋯ ⋮

𝑑′′𝑀(𝑆),𝐽+1 𝑑′′𝑀(𝑆),𝐽+2 ⋯ 𝑑′′
𝑀(𝑆),𝑀 (𝑆+1)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 𝑑′𝐽+1,𝐽+2 ⋯ 𝑑′
𝐽+1,𝑀 (𝑆+1)

𝑑′𝐽+2,𝐽+1 𝑑′𝐽+2,𝐽+2 ⋯ 𝑑′
𝐽+2,𝑀 (𝑆+1)

⋮ ⋮ ⋯ ⋮

𝑑′𝐽+𝐽1 ,𝐽+1 𝑑′𝐽+𝐽1 ,𝐽+2 ⋯ 𝑑′
𝐽+𝐽1 ,𝑀 (𝑆+1)

𝑑𝐽+𝐽1+1,𝐽+1 𝑑𝐽+𝐽1+1,𝐽+2 ⋯ 𝑑𝐽+𝐽1+1,𝑀 (𝑆+1)

⋮ ⋮ ⋯ ⋮

𝑑𝑀(𝑆),𝐽+1 𝑑𝑀(𝑆),𝐽+2 ⋯ 𝑑𝑀(𝑆),𝑀 (𝑆+1)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

𝑄.

Let 𝐶 (𝑆+1)
𝐽 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝑐(𝑆+1)𝐽+1,1 𝑐(𝑆+1)𝐽+1,2 ⋯ 𝑐(𝑆+1)
𝐽+1,𝑀 (𝑆+2)

𝑐(𝑆+1)𝐽+2,1 𝑐(𝑆+1)𝐽+2,2 ⋯ 𝑐(𝑆+1)
𝐽+2,𝑀 (𝑆+2)

⋮ ⋮ ⋯ ⋮
𝑐(𝑆+1)
𝑀 (𝑆+1) ,1

𝑐(𝑆+1)
𝑀 (𝑆+1) ,2

⋯ 𝑐(𝑆+1)
𝑀 (𝑆+1) ,𝑀 (𝑆+2)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

and trans-

orm the variables 𝐶 (𝑆+1)
𝐽 to 𝐶 ′(𝑆+1)

𝐽 using 𝐶 ′(𝑆+1)
𝐽 = 𝑄−1𝐶 (𝑆+1)

𝐽 .
Define regular matrix 𝑃

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 0 0 0 ⋯ 0

−
𝑏′𝐽+2
𝑏′𝐽+1

𝑑′′𝐽+2,𝐽+1 1 0 0 ⋯ 0

−
𝑏′𝐽+3
𝑏′𝐽+1

𝑑′′𝐽+3,𝐽+1 0 1 0 ⋯ 0

⋮ ⋮ ⋮ ⋱ ⋮ ⋮

−
𝑏′𝑀(𝑆)
𝑏′𝐽+1

𝑑′′𝑀(𝑆),𝐽+1 0 ⋯ ⋯ ⋯ 1

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

and let

𝐷′′′
𝐽 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 0 ⋯ 0

0 𝑑′′𝐽+2,𝐽+2 ⋯ 𝑑′′
𝐽+2,𝑀 (𝑆+1)

0 𝑑′′𝐽+3,𝐽+2 ⋯ 𝑑′′
𝐽+3,𝑀 (𝑆+1)

⋮ ⋮ ⋱ ⋮

0 𝑑′′𝑀(𝑆),𝐽+2 ⋯ 𝑑′′
𝑀(𝑆),𝑀 (𝑆+1)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

=

(

1 𝑂

𝑂 𝐷𝐽+1

)

.

We then have

𝑃diag(𝑏𝐽+1,… , 𝑏𝑀(𝑆))𝐷𝐽𝐶
(𝑆+1)
𝐽

= 𝑃𝑢𝑆,𝐽+1diag(𝑏′𝐽+1,… , 𝑏′𝑀(𝑆))𝐷
′′
𝐽𝐶

′(𝑆+1)
𝐽

= 𝑢𝑆,𝐽+1𝑃 diag(𝑏′𝐽+1,… , 𝑏′𝑀(𝑆))𝐷
′′
𝐽𝐶

′(𝑆+1)
𝐽

= 𝑢𝑆,𝐽+1diag(𝑏′𝐽+1,… , 𝑏′𝑀(𝑆))𝐷
′′′
𝐽 𝐶 ′(𝑆+1)

𝐽 .

Again, let 𝑏′𝑖 ,𝑀
′
𝑠,𝑘, 𝑑

′′′
𝑖𝑗 , 𝑐

′
𝑖𝑗 be 𝑏𝑖,𝑀𝑠,𝑘, 𝑑𝑖𝑗 , 𝑐𝑖𝑗 .

If 𝐽+1 ≤ 𝑀(𝑆+1) = min{𝑀(𝑆),𝑀 (𝑆+1)}, then we have the inductive
statement with 𝐽 increased by one.

If 𝐽 + 1 > 𝑀(𝑆 + 1) = min{𝑀(𝑆),𝑀 (𝑆+1)}, then 𝐷′′′
𝐽 = (1, 0,… , 0) or

𝐷′′′
𝐽 = (1, 0,… , 0)𝑡 with 𝑡 the operation of transposition. Therefore, we

have

⟨

𝐿
∏

𝐶 (𝑠)
⟩ = ⟨diag(𝑏1,… , 𝑏𝐽 , 𝑏𝐽+1,… , 𝑏𝑀(𝑆+1))𝐶 ′(𝑆+1)

𝐿
∏

𝐶 (𝑠)
⟩,
7

𝑠=1 𝑠=𝑆+2
where 𝐶 ′(𝑆+1) =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑐(𝑆+1)1,1 𝑐(𝑆+1)1,2 ⋯ 𝑐(𝑆+1)
1,𝑀 (𝑆+2)

𝑐(𝑆+1)2,1 𝑐(𝑆+1)2,2 ⋯ 𝑐(𝑆+1)
2,𝑀 (𝑆+2)

⋮ ⋮ ⋮ ⋮
𝑐(𝑆+1)𝐽 ,1 𝑐(𝑆+1)𝐽 ,2 ⋯ 𝑐(𝑆+1)

𝐽 ,𝑀 (𝑆+2)

𝑐(𝑆+1)𝐽+1,1 𝑐(𝑆+1)𝐽+1,2 ⋯ 𝑐(𝑆+1)
𝐽+1,𝑀 (𝑆+2)

⋮ ⋮ ⋮ ⋮
𝑐(𝑆+1)𝑀(𝑆+1),1 𝑐(𝑆+1)𝑀(𝑆+1),2 ⋯ 𝑐(𝑆+1)

𝑀(𝑆+1),𝑀 (𝑆+2)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, which

s the inductive statement with 𝑆 increased by one.

ase 2
Assume that

𝐽+1 = 𝑏𝐽+2 = ⋯ = 𝑏𝑀(𝑆),

hat is, {𝑡𝑠,𝑘 | 𝑡𝑠,𝑘 = 𝑖} = 𝜙 for 𝑖 = 𝐽 + 1,… ,𝑀(𝑆) − 1.
Construct the blow-up along submanifold

𝑑𝑖𝑗 = 0, (𝑖 = 𝐽 + 1,… ,𝑀(𝑆), 𝑗 = 𝐽 + 1,… ,𝑀 (𝑆+1))}.

Consider instances in which

⎛

⎜

⎜

⎝

𝑑𝐽+1,𝐽+1 𝑑𝐽+1,𝐽+2 ⋯ 𝑑𝐽+1,𝑀 (𝑆+1)

⋮ ⋮ ⋯ ⋮
𝑑𝑀(𝑆),𝐽+1 𝑑𝑀(𝑆),𝐽+2 ⋯ 𝑑𝑀(𝑆),𝑀 (𝑆+1)

⎞

⎟

⎟

⎠

𝑢𝑆,𝐽+1

⎛

⎜

⎜

⎜

⎝

1 𝑑′𝐽+1,𝐽+2 ⋯ 𝑑′
𝐽+1,𝑀 (𝑆+1)

⋮ ⋮ ⋯ ⋮
𝑑′𝑀(𝑆),𝐽+1 𝑑′𝑀(𝑆),𝐽+2 ⋯ 𝑑′

𝑀(𝑆),𝑀 (𝑆+1)

⎞

⎟

⎟

⎟

⎠

.

Let

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑡(𝑖)𝑆,𝐽+1 = 𝑀(𝑖 + 1), (𝑖 = 1,… , 𝑆 − 1)
𝑡(𝑆)𝑆,𝐽+1 = 𝑡(𝑆+1)𝑆,𝐽+1 = ⋯ = 𝑡(𝐿)𝑆,𝐽+1 = 𝐽 , 𝑡𝑆,𝐽+1 = 𝐽
𝑏′𝐽+1 = 𝑢𝑆,𝐽+1𝑏𝐽+1

⋮
𝑏′𝑀(𝑆) = 𝑢𝑆,𝐽+1𝑏𝑀(𝑆)
𝑀 ′

𝑆,𝐽+1 = (𝑀(𝑆) − 𝐽 )(𝑀 (𝑆+1) − 𝐽 ).
Because {𝑡𝑠′ ,𝑘′ | 𝑡𝑠′ ,𝑘′ = 𝑖} = 𝜙 for 𝑖 = 𝐽 + 1,… ,𝑀(𝑆) − 1, that is,

𝑠̃′ ,𝑘′ ≤ 𝐽 or 𝑡𝑠′ ,𝑘′ = 𝑀(𝑆), we have

𝑆,𝐽+1 ≥ 𝑇𝑠′ ,𝑘′ ,

or 1 ≤ 𝑠′ ≤ 𝑆 and 1 ≤ 𝑘′ ≤
{

𝑀(𝑠 + 1), if 𝑠′ < 𝑆,
𝐽 , if 𝑠′ = 𝑆.

.

Define regular matrix 𝑄

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 −𝑑′𝐽+1,𝐽+2 −𝑑′𝐽+1,𝐽+3 ⋯ −𝑑′
𝐽+1,𝑀 (𝑆+1)

0 1 0 ⋯ 0

0 0 1 ⋯ 0

⋮ ⋮ ⋱ ⋮

0 0 ⋯ 1

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

nd transform the variables using

′′
𝐽 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 0 ⋯ 0

𝑑′′𝐽+2,𝐽+1 𝑑′′𝐽+2,𝐽+2 ⋯ 𝑑′′
𝐽+2,𝑀 (𝑆+1)

𝑑′′𝐽+3,𝐽+1 𝑑′′𝐽+3,𝐽+2 ⋯ 𝑑′′
𝐽+3,𝑀 (𝑆+1)

⋮ ⋮ ⋱ ⋮

𝑑′′𝑀(𝑆),𝐽+1 𝑑′′𝑀(𝑆),𝐽+2 ⋯ 𝑑′′
𝑀(𝑆),𝑀 (𝑆+1)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

1 𝑑′𝐽+1,𝐽+2 ⋯ 𝑑′
𝐽+1,𝑀 (𝑆+1)

𝑑′𝐽+2,𝐽+1 𝑑′𝐽+2,𝐽+2 ⋯ 𝑑′
𝐽+2,𝑀 (𝑆+1)

⋮ ⋮ ⋯ ⋮

𝑑′ 𝑑′ ⋯ 𝑑′

⎞

⎟

⎟

⎟

⎟

⎟

⎟

𝑄.
⎝
𝑀(𝑆),𝐽+1 𝑀(𝑆),𝐽+2 𝑀(𝑆),𝑀 (𝑆+1)

⎠
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a

𝑀

P

a

Let 𝐶 (𝑆+1)
𝐽 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝑐(𝑆+1)𝐽+1,1 𝑐(𝑆+1)𝐽+1,2 ⋯ 𝑐(𝑆+1)
𝐽+1,𝑀 (𝑆+2)

𝑐(𝑆+1)𝐽+2,1 𝑐(𝑆+1)𝐽+2,2 ⋯ 𝑐(𝑆+1)
𝐽+2,𝑀 (𝑆+2)

⋮ ⋮ ⋯ ⋮
𝑐(𝑆+1)
𝑀 (𝑆+1) ,1

𝑐(𝑆+1)
𝑀 (𝑆+1) ,2

⋯ 𝑐(𝑆+1)
𝑀 (𝑆+1) ,𝑀 (𝑆+2)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

and trans-

form the variables 𝐶 (𝑆+1)
𝐽 to 𝐶 ′(𝑆+1)

𝐽 using 𝐶 ′(𝑆+1)
𝐽 = 𝑄−1𝐶 (𝑆+1)

𝐽 .
Define regular matrix 𝑃

𝑃 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 0 0 0 ⋯ 0

−
𝑏′𝐽+2
𝑏′𝐽+1

𝑑′′𝐽+2,𝐽+1 1 0 0 ⋯ 0

−
𝑏′𝐽+3
𝑏′𝐽+1

𝑑′′𝐽+3,𝐽+1 0 1 0 ⋯ 0

⋮ ⋮ ⋮ ⋱ ⋮ ⋮

−
𝑏′𝑀(𝑆)
𝑏′𝐽+1

𝑑′′𝑀(𝑆),𝐽+1 0 ⋯ ⋯ ⋯ 1

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

and let

𝐷′′′
𝐽 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 0 ⋯ 0

0 𝑑′′𝐽+2,𝐽+2 ⋯ 𝑑′′
𝐽+2,𝑀 (𝑆+1)

0 𝑑′′𝐽+3,𝐽+2 ⋯ 𝑑′′
𝐽+3,𝑀 (𝑆+1)

⋮ ⋮ ⋱ ⋮

0 𝑑′′𝑀(𝑆),𝐽+2 ⋯ 𝑑′′
𝑀(𝑆),𝑀 (𝑆+1)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

=

(

1 𝑂

𝑂 𝐷𝐽+1

)

.

We then have

𝑃diag(𝑏𝐽+1,… , 𝑏𝑀(𝑆))𝐷𝐽𝐶
(𝑆+1)
𝐽

= 𝑃𝑢𝑆,𝐽+1diag(𝑏′𝐽+1,… , 𝑏′𝑀(𝑆))𝐷
′′
𝐽𝐶

′(𝑆+1)
𝐽

= 𝑢𝑆,𝐽+1𝑃 diag(𝑏′𝐽+1,… , 𝑏′𝑀(𝑆))𝐷
′′
𝐽𝐶

′(𝑆+1)
𝐽

= 𝑢𝑆,𝐽+1diag(𝑏′𝐽+1,… , 𝑏′𝑀(𝑆))𝐷
′′′
𝐽 𝐶 ′(𝑆+1)

𝐽 .

Again, let 𝑏′𝑖𝑗 ,𝑀
′
𝑖𝑗 , 𝑑

′′′
𝑖𝑗 , 𝑐

′
𝑖𝑗 be 𝑏𝑖𝑗 ,𝑀𝑖𝑗 , 𝑑𝑖𝑗 , 𝑐𝑖𝑗 .

If 𝐽+1 ≤ 𝑀(𝑆+1) = min{𝑀(𝑆),𝑀 (𝑆+1)}, then we have the inductive
statement with 𝐽 increased by one.

If 𝐽 + 1 > 𝑀(𝑆 + 1) = min{𝑀(𝑆),𝑀 (𝑆+1)}, then 𝐷′′′
𝐽 = (1, 0,… , 0) or

𝐷′′′
𝐽 = (1, 0,… , 0)𝑡. Therefore, we have

⟨

𝐿
∏

𝑠=1
𝐶 (𝑠)

⟩ = ⟨diag(𝑏1,… , 𝑏𝐽 , 𝑏
′
𝐽+1,… , 𝑏′𝑀(𝑆+1))𝐶

′(𝑆+1)
𝐿
∏

𝑠=𝑆+2
𝐶 (𝑠)

⟩,

where 𝐶 ′(𝑆+1) =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝑐(𝑆+1)1,1 𝑐(𝑆+1)1,2 ⋯ 𝑐(𝑆+1)
1,𝑀 (𝑆+2)

𝑐(𝑆+1)2,1 𝑐(𝑆+1)2,2 ⋯ 𝑐(𝑆+1)
2,𝑀 (𝑆+2)

⋮ ⋮ ⋮ ⋮
𝑐(𝑆+1)𝑀(𝑆+1),1 𝑐(𝑆+1)𝑀(𝑆+1),2 ⋯ 𝑐(𝑆+1)

𝑀(𝑆+1),𝑀 (𝑆+2)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

, which

is the inductive statement with 𝑆 increased by one.
We finally have the inductive statement for 𝑆 = 𝐿 + 1,

⟨

𝐿
∏

𝑠=1
𝐶 (𝑠)

⟩ = ⟨diag(𝑏1,… , 𝑏𝑀(𝐿+1))⟩.

Candidates for the log canonical threshold of ‖

∏𝐿
𝑠=1 𝐶

(𝑠)
‖

2 on this
local coordinate are
1
2
min{𝑀𝑠,𝑘, 𝑡𝑠,𝑘 = 0}

and

𝑀𝑠,𝑘 = (𝑀 (1) − 𝑡(1)𝑠,𝑘)(𝑀
(2) − 𝑡(1)𝑠,𝑘) +

𝐿
∑

𝑗=2
(𝑡(𝑗−1)𝑠,𝑘 − 𝑡(𝑗)𝑠,𝑘)(𝑀

(𝑗+1) − 𝑡(𝑗)𝑠,𝑘).

Define 𝓁, 𝐻𝑖 and 𝑆𝑗 such that

𝐻𝑖 ∈ {𝑡(1)𝑠,𝑘,… , 𝑡(𝐿)𝑠,𝑘 },

𝑀𝑠,𝑘 = (𝑀 (𝑆1) −𝐻1)(𝑀 (𝑆2) −𝐻1) +
𝓁
∑

(𝐻𝑗−1 −𝐻𝑗 )(𝑀
(𝑆𝑗+1) −𝐻𝑗 ),
8

𝑗=2
where 𝑆𝑗 < 𝑆𝑗+1, 𝐻𝑗 ≤ 𝐻𝑗−1, 𝐻𝑗 ≤ 𝑀(𝑆𝑗+1) and 𝐻𝓁 = 0. For every 𝑇𝑠,𝑘,
we have such sequences (𝐻𝑖) and (𝑆𝑖).

Let 𝐹𝑗 = 𝐻𝑗−1−𝐻𝑗+𝑀 (𝑆𝑗+1) for 𝑗 = 2,… ,𝓁 and 𝐹1 = 𝑀 (𝑆1)+𝑀 (𝑆2)−
𝐻1. Then, we have

𝐻𝑗 = 𝐻𝑗−1 − 𝐹𝑗 +𝑀 (𝑆𝑗+1) = 𝐻1 −
𝑗
∑

𝑙=2
(𝐹𝑙 −𝑀 (𝑆𝑙+1)) = −

𝑗
∑

𝑙=1
𝐹𝑙 +

𝑗+1
∑

𝑙=1
𝑀 (𝑆𝑙 ).

Because 𝐻𝑗−1 −𝐻𝑗 ≥ 0 and 𝐻𝓁 = 0, we have

𝐹𝑗 −𝑀 (𝑆𝑗+1) ≥ 0,

𝐻𝓁 = −
𝓁
∑

𝑙=1
𝐹𝑙 +

𝓁+1
∑

𝑙=1
𝑀 (𝑆𝑙 ) = 0.

Also, we have

𝐹𝓁 −𝑀 (𝑆𝓁+1) = −
𝓁−1
∑

𝑙=1
𝐹𝑙 +

𝓁
∑

𝑙=1
𝑀 (𝑆𝑙 ) ≥ 0,

nd

𝑠,𝑘 = (𝐹1 −𝑀 (𝑆2))(𝐹1 −𝑀 (𝑆1)) +
𝓁
∑

𝑗=2
(𝐹𝑗 −𝑀 (𝑆𝑗+1))(

𝑗
∑

𝑙=1
𝐹𝑙 −

𝑗
∑

𝑙=1
𝑀 (𝑆𝑙 ))

=
𝓁−1
∑

𝑗=1
(𝐹𝑗 −𝑀 (𝑆𝑗+1))(

𝑗
∑

𝑙=1
𝐹𝑙 −

𝑗
∑

𝑙=1
𝑀 (𝑆𝑙 )) + (−

𝓁−1
∑

𝑗=1
𝐹𝑗 +

𝓁
∑

𝑗=1
𝑀 (𝑆𝑗 ))𝑀 (𝑆𝓁+1)

=
𝓁−1
∑

𝑗=1
𝐹 2
𝑗 − (

𝓁+1
∑

𝑘=1
𝑀 (𝑆𝑘))(

𝓁−1
∑

𝑗=1
𝐹𝑗 ) +

∑

1≤𝑖<𝑗≤𝓁−1
𝐹𝑖𝐹𝑗 +

∑

1≤𝑖<𝑗≤𝓁+1
𝑀 (𝑆𝑖)𝑀 (𝑆𝑗 )

=
𝓁−1
∑

𝑗=1
(𝐹𝑗 −

∑𝓁+1
𝑘=1 𝑀

(𝑆𝑘)

𝓁
)2 +

𝓁−1
∑

𝑗=1

2
∑𝓁+1

𝑘=1 𝑀
(𝑆𝑘)

𝓁
𝐹𝑗 − (𝓁 − 1)(

∑𝓁+1
𝑘=1 𝑀

(𝑆𝑘)

𝓁
)2

− (
𝓁+1
∑

𝑘=1
𝑀 (𝑆𝑘))

𝓁−1
∑

𝑗=1
𝐹𝑗 +

∑

1≤𝑖<𝑗≤𝓁−1
(𝐹𝑖 −

∑𝓁+1
𝑘=1 𝑀

(𝑆𝑘)

𝓁
)(𝐹𝑗 −

∑𝓁+1
𝑘=1 𝑀

(𝑆𝑘)

𝓁
)

+
(𝓁 − 2)

∑𝓁+1
𝑘=1 𝑀

(𝑆𝑘)

𝓁

𝓁−1
∑

𝑗=1
𝐹𝑗 −

(𝓁 − 1)(𝓁 − 2)
2

(
∑𝓁+1

𝑘=1 𝑀
(𝑆𝑘)

𝓁
)2

+
∑

1≤𝑖<𝑗≤𝓁+1
𝑀 (𝑆𝑖)𝑀 (𝑆𝑗 )

=
𝓁−1
∑

𝑗=1
(𝐹𝑗 −

∑𝓁+1
𝑘=1 𝑀

(𝑆𝑘)

𝓁
)2 +

∑

1≤𝑖<𝑗≤𝓁−1
(𝐹𝑖 −

∑𝓁+1
𝑘=1 𝑀

(𝑆𝑘)

𝓁
)(𝐹𝑗 −

∑𝓁+1
𝑘=1 𝑀

(𝑆𝑘)

𝓁
)

−
𝓁(𝓁 − 1)

2
(
∑𝓁+1

𝑘=1 𝑀
(𝑆𝑘)

𝓁
)2 +

∑

1≤𝑖<𝑗≤𝓁+1
𝑀 (𝑆𝑖)𝑀 (𝑆𝑗 )

= 1
2

𝓁−1
∑

𝑗=1
(𝐹𝑗 −

∑𝓁+1
𝑘=1 𝑀

(𝑆𝑘)

𝓁
)2 + 1

2
(
𝓁−1
∑

𝑗=1
𝐹𝑗 −

𝓁 − 1
𝓁

𝓁+1
∑

𝑗=1
𝑀 (𝑆𝑗 ))2

−
𝓁(𝓁 − 1)

2
(
∑𝓁+1

𝑘=1 𝑀
(𝑆𝑘)

𝓁
)2 +

∑

1≤𝑖<𝑗≤𝓁+1
𝑀 (𝑆𝑖)𝑀 (𝑆𝑗 ).

Therefore, if 𝑀 (𝑆𝑘′ ) >
∑𝓁+1

𝑘=1 𝑀 (𝑆𝑘 )

𝓁
or 𝑀 (𝑆𝑘′ )(𝓁 − 1) >

∑

𝑘≠𝑘′ 𝑀
(𝑆𝑘), we

can set 𝐹𝑘′−1 = 𝑀 (𝑆𝑘′ ) to minimize 𝑀𝑠,𝑘.

Lemma 4. Let 𝓁 and 0 ≤ 𝑎, 𝑏 ≤ 𝓁 − 1 be natural numbers and let
𝐴(𝑏)
𝓁2

= 𝑏(𝓁 − 𝑎
𝓁

)2 + (𝓁 − 1 − 𝑏)(− 𝑎
𝓁
)2 + (𝑏𝓁 − 𝑎

𝓁
− (𝓁 − 1 − 𝑏) 𝑎

𝓁
)2.

Then,

min{𝐴|𝑏 = 0,… ,𝓁 − 1} = 𝐴(𝑎 − 1) = 𝐴(𝑎) = 𝑎𝓁(𝓁 − 𝑎).

roof. We have
𝐴(𝑏)
𝓁2

=
𝑏(𝓁 − 𝑎)2 + (𝓁 − 1 − 𝑏)𝑎2 + (𝑏(𝓁 − 𝑎) − (𝓁 − 1 − 𝑏)𝑎)2

𝓁2
.

nd
𝜕𝐴(𝑏)
𝜕𝑏

= (𝓁 − 𝑎)2−𝑎2+2(𝑏(𝓁−𝑎)−(𝓁−1−𝑏)𝑎){(𝓁−𝑎)+𝑎} = 𝓁2(1+2𝑏−2𝑎).

Therefore, we have established the proof. □
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=

=

𝐻

𝐻

𝐻

f
𝑘

Define 𝓁, , 𝑀 , 𝑆𝑗 and 𝑎 as in Definition 3.
By Lemma 4, we have

2𝜆𝑂(‖
𝐿
∏

𝑠=1
𝐶 (𝑠)

‖

2)

𝑎(𝓁 − 𝑎)
2𝓁

−
𝓁(𝓁 − 1)

2
(

∑𝓁+1
𝑗=1 𝑀

(𝑆𝑗 )

𝓁
)2 +

∑

1≤𝑖<𝑗≤𝓁+1
𝑀 (𝑆𝑖)𝑀 (𝑆𝑗 )

=
𝑎(𝓁 − 𝑎)

2𝓁
−

𝓁(𝓁 − 1)
2

(𝑀 + 𝑎 − 𝓁
𝓁

)2 +
∑

1≤𝑖<𝑗≤𝓁+1
𝑀 (𝑆𝑖)𝑀 (𝑆𝑗 )

=
𝑎(𝓁 − 𝑎)

2𝓁
−

𝓁(𝓁 − 1)
2

(𝑀2 + 2 𝑎 − 𝓁
𝓁

𝑀 +
(𝑎 − 𝓁)2

𝓁2
) +

∑

1≤𝑖<𝑗≤𝓁+1
𝑀 (𝑆𝑖)𝑀 (𝑆𝑗 )

−1
2
(𝓁 − 𝑎 − 1)(𝓁 − 𝑎) −

𝓁(𝓁 − 1)
2

(𝑀2 + 2 𝑎 − 𝓁
𝓁

𝑀) +
∑

1≤𝑖<𝑗≤𝓁+1
𝑀 (𝑆𝑖)𝑀 (𝑆𝑗 )

Let

̃ 𝑗 =
𝑗+1
∑

𝑙=1
𝑀 (𝑆𝑙) − 𝑗𝑀, for 𝑗 = 1,… , 𝑎,

̃ 𝑗 =
𝑗+1
∑

𝑙=1
𝑀 (𝑆𝑙) − 𝑎𝑀 − (𝑗 − 𝑎)(𝑀 − 1), for 𝑗 = 𝑎 + 1,… ,𝓁,

and

𝐻̃ ′
𝑗 =

𝑗+1
∑

𝑙=1
𝑀 (𝑆𝑙 ) − 𝑗(𝑀 − 1), for 𝑗 = 1,… ,𝓁 − 𝑎,

̃ ′
𝑗 =

𝑗+1
∑

𝑙=1
𝑀 (𝑆𝑙 ) − (𝓁 − 𝑎)(𝑀 − 1) − (𝑗 − 𝓁 + 𝑎)𝑀 for 𝑗 = 𝓁 − 𝑎 + 1,… ,𝓁.

Then, we have 𝐻̃𝓁 = 𝐻̃ ′
𝓁 = 0. Moreover, let 𝑇̃ and 𝑇̃ ′ be the

vectors corresponding to (𝐻̃𝑗 ) and (𝐻̃ ′
𝑗 ), respectively. That (i) 𝑇̃ and

𝑇̃ ′ correspond to 𝜆, and (ii) 𝑇̃ has minimum one and 𝑇̃ ′ has maximum
one, are obvious from Definition 4.

Note that since 𝑀 (𝑆𝑙 ) ≤ 𝑀 − 1 if 𝑎 < 𝓁, we have

𝐻̃𝑗 = 𝑀(𝑆𝑗+1) +
∑

𝑀 (𝑆𝑙 )≠𝑀(𝑆𝑗+1)

(𝑀 (𝑆𝑙 ) −𝑀) ≤ 𝑀(𝑆𝑗+1), for 𝑗 = 1,… , 𝑎,

𝐻̃𝑗 = 𝑀(𝑆𝑗+1) +
∑

𝑀 (𝑆𝑙 )≠𝑀(𝑆𝑗+1)

(𝑀 (𝑆𝑙 ) − (𝑀 − 1)) − 𝑎 ≤ 𝑀(𝑆𝑗+1),

for 𝑗 = 𝑎 + 1,… ,𝓁,

and

𝐻̃ ′
𝑗 = 𝑀(𝑆𝑗+1) +

∑

𝑀 (𝑆𝑙 )≠𝑀(𝑆𝑗+1)

(𝑀 (𝑆𝑙 ) − (𝑀 − 1)) ≤ 𝑀(𝑆𝑗+1),

for 𝑗 = 1,… ,𝓁 − 𝑎,

𝐻̃ ′
𝑗 = 𝑀(𝑆𝑗+1) +

∑

𝑀 (𝑆𝑙 )≠𝑀(𝑆𝑗+1)

(𝑀 (𝑆𝑙 ) − (𝑀 − 1)) − (𝑗 − 𝓁 + 𝑎) ≤ 𝑀(𝑆𝑗+1),

for 𝑎 < 𝓁, 𝑗 = 𝓁 − 𝑎 + 1,… ,𝓁,

𝐻̃ ′
𝑗 = 𝑀(𝑆𝑗+1) +

∑

𝑀 (𝑆𝑙 )≠𝑀(𝑆𝑗+1)

(𝑀 (𝑆𝑙 ) −𝑀) ≤ 𝑀(𝑆𝑗+1),

for 𝑎 = 𝓁, 𝑗 = 1,… ,𝓁.

Also we have 𝐻̃ ′
1 ≥ 𝐻̃ ′

2 ≥ ⋯ ≥ 𝐻̃ ′
𝓁 = 0, and 𝐻̃ ′

1 ≥ 𝐻̃ ′
2 ≥ ⋯ ≥ 𝐻̃ ′

𝓁 = 0.
For obtaining the values 𝜃, we prepare the following Lemma 5.

Lemma 5. If the vector 𝑇𝑠,𝑘 = (𝑡(1)𝑠,𝑘,… , 𝑡(𝐿)𝑠,𝑘 ) satisfies

𝑇̃ ≤ 𝑇𝑠,𝑘 ≤ 𝑇̃ ′

and if 𝓁, (𝐻𝑗 ), (𝑆𝑗 ) which corresponds to 𝑇𝑠,𝑘 satisfies 𝐻𝑗−1−𝐻𝑗+𝑀
(𝑆𝑗+1) =

𝑡
(𝑆𝑗−1)
𝑠,𝑘 − 𝑡

(𝑆𝑗+1−1)
𝑠,𝑘 +𝑀 (𝑆𝑗+1) = 𝑀 − 1 or 𝑀 , then, 𝑇𝑠,𝑘 corresponds to 𝜆.

Proof. Because 𝑇̃ ≤ 𝑇𝑠,𝑘 ≤ 𝑇̃ ′ and 𝐻̃𝓁 = 𝐻̃ ′
𝓁 = 0, we have 𝐻𝓁 = 0.

Therefore, the number of elements of {𝑗 ∶ 𝐻𝑗−1 −𝐻𝑗 +𝑀 (𝑆𝑗+1) = 𝑀} is
𝑎 and that of {𝑗 ∶ 𝐻 −𝐻 +𝑀 (𝑆𝑗+1) = 𝑀 − 1} is 𝓁 − 𝑎. □
9

𝑗−1 𝑗
Lemma 6. We have

𝜃 = 𝑎(𝓁 − 𝑎) + 1.

Proof. Given 𝑡
(𝑆𝑗+1−1)
𝑠,𝑘 = 𝐻𝑗 , then by Lemma 5, the number of vectors

𝑇𝑠,𝑘 corresponding to 𝜆 is less than the sum of the number of the set
∪𝓁−1
𝑗=1 {𝐻 ∶ 𝐻̃𝑗 ≤ 𝐻 ≤ 𝐻̃ ′

𝑗}. We have the number of the set {𝐻 ∶ 𝐻̃𝑗 ≤
𝐻 ≤ 𝐻̃ ′

𝑗} as

𝑗 + 1, if 𝑗 ≤ min{𝑎,𝓁 − 𝑎}

min{𝑎,𝓁 − 𝑎} + 1, if min{𝑎,𝓁 − 𝑎} + 1 ≤ 𝑗 ≤ max{𝑎,𝓁 − 𝑎}

min{𝑎,𝓁 − 𝑎} + 1 + max{𝑎,𝓁 − 𝑎} − 𝑗, if max{𝑎,𝓁 − 𝑎} + 1 ≤ 𝑗 ≤ 𝓁.

Because 𝐽 is increased by one for Case 1(2) in the proof, we have
𝜃 ≤ 𝑎(𝓁−𝑎)+1. Finally, by using 𝑇𝑠,𝑘, we construct the local coordinate
for 𝜃 = 𝑎(𝓁 − 𝑎) + 1 as follows.

Let 𝛾 be 𝐻̃ ′
𝑗 = 𝑀(𝑆𝑗+1), (𝑗 < 𝛾) and 𝐻̃ ′

𝛾 < 𝑀(𝑆𝛾+1).
Define

𝑡(𝑆)𝑠,𝑘 =

⎧

⎪

⎨

⎪

⎩

𝑀(𝑆 + 1), 𝑆 < 𝑠,
𝑘 − 1, 𝑆 = 𝑠,
0, 𝑆 > 𝑠,

(1)

for 𝑠 < 𝑆2 − 1,

𝑡(𝑆)𝑠,𝑘 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑀(𝑆 + 1), 𝑆 < 𝑆2 − 1,
𝐻̃𝑗−1, 𝑆𝑗 − 1 ≤ 𝑆 < 𝑆𝑗+1 − 1, 𝑗 < 𝑗0
𝐻̃𝑗0−1, 𝑆𝑗0 − 1 ≤ 𝑆 < 𝑠,
𝑘 − 1, 𝑆 = 𝑠,
0, 𝑆 > 𝑠,

(2)

for 𝑆𝑗0 − 1 ≤ 𝑠 < 𝑆𝑗0+1 − 1, 𝑘 < 𝐻̃𝑗0−1 + 1, 𝑗0 ≥ 2,

𝑡(𝑆)𝑠,𝑘 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑀(𝑆 + 1), 𝑆 < 𝑠,
𝑘 − 1, 𝑆 = 𝑠,
𝐻̃ ′

𝑗0−1
, 𝑠 < 𝑆 < 𝑆𝑗0+1 − 1,

𝐻̃ ′
𝑗−1, 𝑆𝑗 − 1 ≤ 𝑆 < 𝑆𝑗+1 − 1, 𝑗 > 𝑗0,

(3)

for 𝑆𝑗0 −1 ≤ 𝑠 < 𝑆𝑗0+1−1, 𝑘 ≥ 𝐻̃ ′
𝑗0−1

+1, 𝑗0 ≥ 2, (𝑠, 𝑘) ≠ (𝑆𝛾+1 − 1, 𝐻̃ ′
𝛾 + 1),

𝑡(𝑆)𝑠,𝑘 =

{

𝑀(𝑆 + 1), 𝑆 < 𝑠,
𝐻̃ ′

𝑗−1, 𝑆𝑗 − 1 ≤ 𝑆 < 𝑆𝑗+1 − 1, 𝛾 + 1 ≤ 𝑗 ≤ 𝓁
(4)

for 𝑠 = 𝑆𝛾+1 − 1, 𝑘 = 𝐻̃ ′
𝛾 + 1,

𝑡(𝑆)𝑠,𝑘 =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝑀(𝑆 + 1), 𝑆 < 𝑆2 − 1,
∑𝑗

𝑙=1 𝑀
(𝑆𝑙 ) − max{𝑗 − 𝑗0 + 𝛼, 0}𝑀 − min{𝑗 − 1, 𝑗0 − 𝛼 − 1}(𝑀 − 1),

𝑆𝑗 − 1 ≤ 𝑆 < 𝑆𝑗+1 − 1, 2 ≤ 𝑗 ≤ 𝑗0
∑𝑗0+1

𝑙=1 𝑀 (𝑆𝑙 ) − 𝛼𝑀 − (𝑗0 − 𝛼)(𝑀 − 1),

𝑆𝑗0+1 − 1 ≤ 𝑆 < 𝑆𝑗0+2 − 1,
∑𝑗

𝑙=1 𝑀
(𝑆𝑙 ) − (𝑗 − 𝑗0 − 1 + 𝛼)𝑀 − (𝑗0 − 𝛼)(𝑀 − 1),

𝑆𝑗 − 1 ≤ 𝑆 < 𝑆𝑗+1 − 1, 𝑗0 + 2 ≤ 𝑗 ≤ 𝑗0 + (𝑎 − 𝛼) + 1
∑𝑗

𝑙=1 𝑀
(𝑆𝑙 ) − 𝑎𝑀 − (𝑗 − 𝑎 − 1)(𝑀 − 1),

𝑆𝑗 − 1 ≤ 𝑆 < 𝑆𝑗+1 − 1, 𝑗 ≥ 𝑗0 + (𝑎 − 𝛼) + 2,

(5)

or 𝑠 = 𝑆𝑗0 −1, 𝑘−1 =
∑𝑗0

𝑙=1 𝑀
(𝑆𝑙 )−𝛼𝑀−(𝑗0−1−𝛼)(𝑀−1), 0 < 𝛼 ≤ 𝑗0−1,

≠ 𝐻̃ ′ + 1, and
𝑗0−1
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𝑡(𝑆)𝑠,𝑘 =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝑀(𝑆 + 1), 𝑆 < 𝑆2 − 1,
∑𝑗

𝑙=1 𝑀
(𝑆𝑙 ) − max{𝑗 − 𝑗0 + 𝛼, 0}𝑀 − min{𝑗 − 1, 𝑗0 − 𝛼 − 1}(𝑀 − 1)
𝑆𝑗 − 1 ≤ 𝑆 < 𝑆𝑗+1 − 1, 2 ≤ 𝑗 ≤ 𝑗0 − 1

∑𝑗0
𝑙=1 𝑀

(𝑆𝑙 ) − (𝛼 − 1)𝑀 − (𝑗0 − 𝛼)(𝑀 − 1),
𝑆𝑗0 − 1 ≤ 𝑆 < 𝑠,

∑𝑗0
𝑙=1 𝑀

(𝑆𝑙 ) − 𝛼𝑀 − (𝑗0 − 𝛼 − 1)(𝑀 − 1),
𝑠 ≤ 𝑆 < 𝑆𝑗0+1 − 1,

∑𝑗
𝑙=1 𝑀

(𝑆𝑙 ) − (𝑗 − 𝑗0 + 𝛼)𝑀 − (𝑗0 − 𝛼 − 1)(𝑀 − 1),
𝑆𝑗 − 1 ≤ 𝑆 < 𝑆𝑗+1 − 1, 𝑗0 + 1 ≤ 𝑗 ≤ 𝑗0 + (𝑎 − 𝛼)

∑𝑗
𝑙=1 𝑀

(𝑆𝑙 ) − 𝑎𝑀 − (𝑗 − 𝑎 − 1)(𝑀 − 1),
𝑆𝑗 − 1 ≤ 𝑆 < 𝑆𝑗+1 − 1, 𝑗 ≥ 𝑗0 + (𝑎 − 𝛼) + 1,

(6)

for 𝑆𝑗0 −1 < 𝑠 < 𝑆𝑗0+1 −1, 𝑘−1 =
∑𝑗0

𝑙=1 𝑀
(𝑆𝑙 ) − 𝛼𝑀 − (𝑗0 −1− 𝛼)(𝑀 −1),

0 < 𝛼 ≤ 𝑗0 − 1, 𝑘 ≠ 𝐻̃ ′
𝑗0−1

+ 1.
We construct the blow-up process with 𝑇𝑠,𝑘 in Eq. (5) in Case 1 (2).

Thus, the proof is established. □

emark 2. To describe the proof simply, we construct a blowing-
p process without the condition 𝑇𝑠,𝑘 ≤ 𝑇𝑠′ ,𝑘′ or 𝑇𝑠,𝑘 ≥ 𝑇𝑠′ ,𝑘′ . We can
onstruct a blowing-up process with that condition; however, it results
n a more complex expression.

xample 2. This is the example of 𝑇 and 𝑡 for 𝑀 (1) = 6, 𝑀 (2) = 𝑀 (3) =
, 𝑀 (4) = 3,𝑀 (5) = 𝑀 (6) = 2 in Lemma 6 with blowing up process. We
ave  = {2, 3, 5, 6}, 𝑀 = 3, 𝑎 = 2, 𝓁 = 3, 𝜆 = 3

2 , 𝜃 = 3. Also we have
̃ 1 = 1, 𝐻̃2 = 0, 𝐻̃3 = 0, and 𝐻̃ ′

1 = 2, 𝐻̃2 = 1, 𝐻̃3 = 0.
The blowing up process as follows.

= 1, 𝐽 = 0 Case 2 𝑇1,1 = (0, 0, 0, 0, 0)

𝑆 = 1, 𝐽 = 1 Case 2 𝑇1,2 = (1, 1, 1, 1, 1)

𝑆 = 2, 𝐽 = 0 Case 1(1) with 𝑢1,2 𝑇1,2 = (1, 0, 0, 0, 0)

𝑆 = 2, 𝐽 = 0 Case 2 𝑇2,1 = (2, 0, 0, 0, 0)

𝑆 = 2, 𝐽 = 1 Case 2 𝑇2,2 = (2, 1, 1, 1, 1)

𝑆 = 3, 𝐽 = 0 Case 1(2) with 𝑢2,2 𝑇3,1 = (2, 1, 0, 0, 0)

𝑆 = 3, 𝐽 = 1 Case 2 𝑇3,2 = (2, 2, 1, 1, 1)

𝑆 = 4, 𝐽 = 0 Case 1(1) with 𝑢3,2 𝑇3,2 = (2, 2, 1, 0, 0)

𝑆 = 4, 𝐽 = 0 Case 1(2) with 𝑢2,2 𝑇4,1 = (2, 1, 1, 0, 0)

𝑆 = 4, 𝐽 = 1 Case 2 𝑇4,2 = (2, 2, 2, 1, 1)

𝑆 = 5, 𝐽 = 0 Case 1(1) with 𝑢4,2 𝑇4,2 = (2, 2, 2, 1, 0)

𝑆 = 5, 𝐽 = 0 Case 1(2) with 𝑢2,2 𝑇2,2 = (2, 1, 1, 1, 0)

𝑆 = 5, 𝐽 = 0 Case 2 𝑇5,1 = (2, 2, 2, 2, 0)

We have 𝜆 by 𝑇4,1 = (2, 1, 1, 0, 0), 𝑇4,2 = (2, 2, 2, 1, 0) and 𝑇2,2 =
(2, 1, 1, 1, 0).

5. Conclusions

We have determined the exact values for the learning coefficients of
multiple-layered neural networks with linear units, which generalizes
the result of paper (Aoyagi & Watanabe, 2005b). We use the inductive
method and a recursive blow-up method and obtain a manifold with a
resolution map of singularities.

The main theorems imply that even though model complexities are
increased, generalization errors which are expressed by the learning
coefficients 𝜆 are decreased when the number of layers is increased.
This fact seems to be one of the reasons for multiple-layered neural
networks having better efficiencies for learning. For example, if the
matrix sizes are all the same 𝐻 (1) ×𝐻 (1) then

𝜆 = −𝑟2 + 2𝑟𝐻 (1)

2
+

𝑎(𝐿 − 𝑎)
4𝐿

+ 𝐿 + 1
4𝐿

(𝐻 (1) − 𝑟)2

→
−𝑟2 + 2𝑟𝐻 (1)

+ 𝐻 (1) − 𝑟 + 1 (𝐻 (1) − 𝑟)2
10

2 4 4
if 𝐿 → ∞, where 𝑟 denotes the rank of the probability density function
𝑝𝑙0(𝑋, 𝑌 ), 𝐿 + 1 the number of layers, and 𝑎 = 𝐿(𝐿+1𝐿 (𝐻 (1) − 𝑟) −
⌈

𝐿+1
𝐿 (𝐻 (1) − 𝑟)⌉ + 1); here ⌈𝑥⌉ denotes the ceiling function of the real

number 𝑥.increases, it decreases, when we consider over-parameterized
regimes. This seems to explain the reason why double descent (Nakki-
ran, Kaplun, Bansal, Yang, Barak, & Sutskever, 2020) occurs in machine
learning.

Recently, these theoretical values of the learning coefficients On the
other hand, its order 𝜃 = 𝑎(𝐿 − 𝑎) + 1 → ∞ as 𝐿 → ∞, since we have
𝑀 = 𝐻 (1) − 𝑟 + 1 and 𝑎 = 𝐻 (1) − 𝑟 when 𝐿 > 𝐻 (1) − 𝑟. Note that if

≤ 𝐻 (1) − 𝑟 then the curve of 𝜃 oscillates. The theoretical value 𝜆
hows that as the value 𝐻 (𝑠)’s becomes larger, the generalization error
ncreases, and as the depth of the layers have been used effectively in
umerical experiments such as information criteria, the Markov chain
onte Carlo (Nagata & Watanabe, 2008a, 2008b), and model selection
ethods. We are also preparing numerical experiments to compare
ith the theory and will consider these applications in the future.
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